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Introduction

a CRF defines the conditional probability for sequences
POy Yr | Xgse0Xe)
undirected graph structure

global normalization instead of local normalization (e.g. HMMs)
each potential function can read the complete input X
for sequences a first order chain is used as graph structure:

CRF



Tagging Sequences

Given: input sequence over the alphabet &

X =Xq, Xoy vvny X7

Wanted: output sequence over the alphabet x
Y=Y, Yo oo Y1

Applications

— Part-of-speech taggin
X = He, pdrlvesggwgl’th his, bike

Y =noun, verb, prep05|t|on pronoun, noun

— E(redlctlnlg the secondary structure of proteins
A, R, L, M, M,

Y = he he Sst, st st he st, he

(&;_tm \
'S
Primary structure Strand Helix
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Label Bias Problem

A finite state machine to separate between rib and rob:

* the probability distribution for the next state is conditioned per state

« states with low entropy next state distributions will take little notice of
observations (State 0)

« states with only one successor state even ignore the input (State 1

and 4)
CRF



Potential Functions vs. Features

A potential function is a positive-valued function F(x,,...,x,)

It doesn’t return a probability but higher values indicate a higher
preference for the variable assignment

By normalizing the potentials we get probabilities (next slide)
A feature is a function that returns a binary value

1 if x,=sunny
g(x,,....x) =

One can use features to represent potentials

F(xl,...,xl) :eXp[Q°G(x1a°“xl)T]

where Q= (w,,...,w,) is a weight vector

and G(X)=(g,(X),...,g,(X)) is the feature vector.
exp is needed to get a positive value

0 else
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Probability Distribution for Sequences

* Normalizing the value of the potentials returns a probability
value in the interval [0,1]

« XandY are sequences of length T then

1 T
CXp ZLPt(ytﬂX)_F\Ptl,t(ytlﬂyt9X):|
=

PY|X)= 700

\Pt(yt’X) = Z/Ba .ga(yt’X) \Pt_l,;(yt_lame) = Zﬁ“b 'fb(yz—layt’X)

acA beB

 where the normalization constant is

T
Z(X)=), GXP{Z Y0+ 0y »X)}
Y t=1

(Y’ runs over all possible output sequences of length T)

CRF 7



Forward-Backward Algorithm (1)

» |In difference to HMMs we get accumulated potential values instead

of probabilities
« forward procedure (assumption y,=start)

ak (t) = Z eXp|:Z LPz' (yz' ” X) + LPt'—l,t (yz'_l ” yt' ” X):|
t'=1

BRI "
yt:k

* recursive calculation of a

a, () = exp(¥, (k, X) + ¥, (Start,k, X))

o, (6)= Y lexp(¥, (k' X) + ¥, (k. k', X) )| @ (1 =1)

k'ey
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Forward-Backward Algorithm (2)

» backward procedure

T
B.@)= > exp{Z‘Pf(waH‘Pfu(ymyf,X)}
Yiseos VT t'=t+1
yi=k

* recursive calculation of

,Bk(T)zl

B0 = X lexp(, (k. X)+ ¥, (k' k. X))} Bt +1)

CRF



Forward-Backward Algorithm (3)

The normalization constant
T
Z(X)=), exp{z Y0+ (0L, X )}
Y t=1
(Y’ runs over all possible output sequences of length T)

Can now be computed for arbitrary t with
Z(X)= ) 0,(t) B.(1)
‘keY
when we choose t=T the forward step is sufficient:

Z(X)= D a,(t)

ke
CRF
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Example

« we want to compute Z(X) for the input sequence X=inl, in3, in2
» feature functions are

1 vy, =y Ax €{in2 1In3}
fi(yt—lﬂytﬂX): ! t t
0 else
1 y, =0ut2Aax, #x,_
gl(ytﬂX):{ t o -
0 else 1 y_,#y Ax =1Inl
oy, X) =
0 else

* weights for features are §,=1 A,=2 A,=10
» the output alphabet ¥={outl,out2}
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Example, Z(X)

X=inl,in3, in2 B1=1 AM=2 A2=10
1 y_ =y, Ax, €{In2 In3}
X)=
1 y, =0ut2ax, #x, S0 2 X) {O else
& X) =1, .
else 1 y,#y,Ax,=1nl
fz(ytlﬂyz’X):{O
else
k=out2
k=outl | exp(10) P
t=1 t=2 t=3

o, (1) = exp(l- g, (outl, X)+2- f(Start,outl X)+10- f2(start,outl, X))
=exp(0+0+10)
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Example, Z(X)

X=inl,in3, in2 B1=1 AM=2 A2=10
1 =Y, AX, €{IN2,1IN3
R fl(ym,yt,X)={ GG }
Y, =0Ut2Ax, #x, 0 else
gl(yt,X)={O .
else 1 y,#y,Ax,=1nl
fz(y,l,yt,X)={O
else
k=out2 [ exp(11) »
k=out1 |exp(10) /
t= t=2 t=3

o,,,(1) = exp(l- g, (0ut2, X)+2- f(Start,out2 X)+10- f2(start,out2, X))
=exp(1+0+10)
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Example, Z(X)

X=inl,in3, in2 B1=1 AM=2 A2=10
1 =Y, AX, €{IN2,1IN3
R fl(ym,yt,X)={ GG }
Y, =0Ut2Ax, #x, 0 else
gl(yt,X)={O .
else 1 y,#y,Ax,=1nl
fz(ytlﬂyz’X):{O
else
k=out2 [ exp(11)
k=outl | exp(10) 2exp(1 1)/v
t=1 t=2 t=3

,,,(2) = exp(l- g, (outl, X)+2- f,(outd,outd, X)+10- f2(outl outl, X)) -a,,., (1) +
exp(l-g,(outl, X)+2- f,(out2 outl, X)+10- f2(out2,0utl, X)) a,,.(1)
=exp(0+1+0)-exp(10)+exp(0+0+0)-exp(11) =2exp(11)
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Example, Z(X)

X=inl,in3, in2 B1=1 AM=2 A2=10
1 =Y, AX, €{IN2,1IN3
| fl(ym,yt,X)={ Yz n el }
Y, =0Ut2Ax, #x, 0 else
gl(yt,X)={O .
else 1 y,#y,Ax,=1nl
fz(ytlﬂyz’X):{O
else
k=out2 | exp(11) exp(11)+e>gj4)
k=outl | exp(10) ZGXM
t=1 t=2 t=3

o, ,0(2) = exp(l- g, (0ut2 X)+2- f,(outd,out2, X)+10- f2(outl out2 X)) -a,,., (1) +
exp(l-g,(OUt2, X)+2- f,(out2,0ut2 X)+10- f2(out2,0ut2, X)) a,,.(1)
=exp(1+0+0)-exp(10)+exp(1+2+0)-exp(l1) =exp(11) +exp(14)
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Example, Z(X)

X=inl,in3, in2 B1=1 AM=2 A2=10
1 y_ =y, Ax, €{In2 In3}
fl(yt—lﬂytﬂX): 1
1 y, =0ut2ax, #x, 0 else
gl(ytaX): -
0 else Y7y, Ax, =1nl

1
fz(ytlﬂyt’X):{

0 else

k=out2 | exp(11) exp(11)+exp(14)

k=outl | exp(10) 2exp(11) 2exp(13)+exp(11)+exp(14)

t=1 t=2 t=3

A1 (3) = exp(l-gl(outL X)+2- f,(outl,outl, X)+10-f2(out1,out1,X))-aom(Z)+
exp(l- g,(outl, X)+2- f,(out2,0utl X)+10- f2(out2,0utl, X)) a ., (2)
=exp(0+2+0)-2exp(11) +exp(0+0+0)- (exp(11) +exp(14)) = 2exp(13) + exp(11) + exp(14)
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Example, Z(X)

X=inl,in3, in2 B1=1 A=2 A2=10
1 =Y, AX, €{IN2,1IN3
1 ) fl(ytl,yt,X)={ Yie YV, NX G{ }
Y, =0Ut2Ax, #x, 0 else
gl(yt,X)={O .
else 1 y,#y,Ax,=1nl
fz(ytlﬂyz’X):{O
else
k=out2 | exp(11) exp(11)+exp(14) | 2exp(12)+exp(14)+exp(17)
k=outl | exp(10) 2exp(11) Dexp(13)+exp(11)+exp(14)

t=1

=2

t=3

A2 (3) = exp(l-g1 (out2, X)+2- f(outlout2 X)+10- f2(outl,out?, X))-aouu(z) +
exp(l -g,(out2 X)+2- f,(out2,0ut2 X)+10- f2(out2 out2,X))~ A2 (2)
=exp(1+0+0)-2exp(11) +exp(1+2+0)-(exp(11) + exp(14)) = 2exp(12) + exp(14) + exp(17)

CRF
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X=In1, in3, in2

gl(yﬂX) =

k=out?2
k=outl

0

{1 Y, =0Ut2Ax, #x,

Example, Z(X)

B1=1 M=2 A2=10

else

1y
fl(ytlﬂytﬂX):{O 1

1
fz(ytlﬂyz’X):{O

=y, AX, €{IN2,IN3}
else
Y., #=y, Ax,=1Inl

else

exp(11) exp(11)+exp(14) | 2exp(1 2}+exp(1 4)+exp(17)
exp(10) 2exp(11) 2exp )+exp(11)+exp(14)
t=1

Z /"

Z(X) = [2exp(13) + exp(11) + exp(14) |+ [2 exp(12) + exp(14) + exp(17)] ~ 27 830 372

CRF

18




Example, P(Y|X)

We want to compute P(outl,out2,out2 | inl,in3,1In2)

1 T
eXp{Z Y.y, X)+Y ., (v ), X)}
t=1

P(Y|X)= 705

feature functions are

(1 y_, =y Ax e{in2 in3
: ’X —J t—1 t t 2
henyeX) =4, olse
1 y, =0ut2ax, #x, :
gy, X)= 1 =inl
0 else Vo =YV, AX, =1IN
fz(yt—laytaX):<
0 else

Weights for features are ;=1 1,=2 A,=10
the output alphabet v={outl, out2}
from previous slide: Z(1inl, 1n3, 1n2)= 27 830 372

CRF 19



 feature functions are

g(y,X) :{

t
t
t

1

0

Example, P(Y|X)

 We want to compute P(outl,out2,out2 | inl,in3,1n2)

1 y¢_1:yt/\xte{in2, in3!
) Z’X =
yt = OUtZ/\ xt + xt—l fi(yt_l y ) {0 elSe
else |
: =1nl
L, ,p,X)= Vi FY,NX,
0 else
T
 Calculation of Z\Ilt (Y X))+, (Vs y,X)
t=1
g1 f’] f2 B1 )\1 )\2 ReSUIt
0| O 1 1 5 0 =
1 0 0 1 5 0 ;
1 1 0 1 5 0 -
14
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Example, P(Y|X)

We want to compute P(outl,out2,out2 | inl,in3,1In2)

P(Y|X): Z(l)() eXp|:ZLPz(me)+\Ptl,z(ytlsme):|

Z(inl,in3,in2)=9 834 077 197.0

T
From previous slide: ZLP,f V,X)+¥Y_ ,(y_,y,X)=14
t=1

P(outl,out2,out2|inl,in3,1n2)=exp(14)/ 27830372 = 0.043
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Possible Classifiers

We have X and want to find the best output Y

Predict the output per sequence
(with Viterbi algorithm)

H(X)=argmax P(Y | X)
Y

Predict the output per item
(with Forward-Backward algorithm)

H,(X)=argmax P(y, =k | X)

1<k<K

where

P, =k = BT 0

CRF
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Parameter Learning

(X,,Y,) are a training examples (1<i<n)
goal is to maximize the log-likelihood of the training data

J(©) =log] | P(Y; | X)) where O =(B,.... 8> A5 sAig)
i=l

methods based on gradient descent:

— lterative Scaling (Lafferty 2001)
— Generalized lterative Scaling (Lafferty 2001)

— Gradient Tree Boosting (Dietterich 2004)

CRF
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