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Introduction

So far: Only public announcements.
Now: How to model other ways of knowledge changes, such
as private announcements, sensing, or ontic (world-changing)

actions that affect knowledge along the way?

Idea: Action models similar to epistemic models.
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Action Models

Example

Introduction

Agents a and b both don’t know the value of proposition p.
This is common knowledge among them. In fact, p is true.
Then agent a receives a letter containing the value of p and
reads it. Agent b observes a reading the letter and knows that
it is about p, but b does not learn the value of p.
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Example

Agents a and b both don’t know the value of proposition p.
This is common knowledge among them. In fact, p is true.
Then agent a receives a letter containing the value of p and
reads it. Agent b observes a reading the letter and knows that
it is about p, but b does not learn the value of p.

Introduction

Model Before:

.b
Model After:
7 = b / .
sy:p S5 P
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Action Models

Question: How to get from Before to After? Introduction
Answer: Action models.

Remark: After, s/ |
Kap A (—Kpp A —Kp=P) A Kp(Kap V Ka=p) A Ka(=Kpp A —~Kp—p)
~+ action model needs to achieve exactly that!
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Action Models

Question: How to get from Before to After? Introduction
Answer: Action models.

Remark: After, s/ |
Kap A (—Kpp A —Kp=P) A Kp(Kap V Ka=p) A Ka(=Kpp A —~Kp—p)
~+ action model needs to achieve exactly that!

Action model Read:

With this action model, After = Before ® Read, for an
appropriate definition of ®.
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Action Models

Definition (Product update, informally)

Introduction

The product update ® denotes a restricted modal update with
component worlds (s, e) only present if (M, s) E pre(e).
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Definition (Product update, informally)

The product update ® denotes a restricted modal update with
component worlds (s, e) only present if (M, s) E pre(e).

Introduction

Model Before ® Read:

s1:p

a,b ® |e1:p|L‘92:—\p‘
Sl p
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Action Models

Definition (Product update, informally)

The product update ® denotes a restricted modal update with
component worlds (s, e) only present if (M, s) E pre(e).

Model Before ® Read:

s1:p M
5 b . — b

ab| @ EEB--[re] =

s2: P jet

(51,€1) ~p (s2,€2) because sq ~p, o and e1 ~p eo.
(s1,€2) and (s>, e1) were eliminated because e, cannot be
applied in s and ey cannot be applied in s».
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Action
models

Action models
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Definition (Action model)

Let £ be any logical language for a set of agents A and a set of
atoms P. Then an S5 action model M is a structure (E, ~, pre)
such that:

Action
models

E is the domain of events,

~g is an equivalence relation on E for all a € A, the
indistinguishability relation for agent a, and

pre : E — L is the precondition function that assigns a
precondition pre(e) € L to all e € E.

A pointed action model is such a structure (M, e) with e € E.
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Syntax of Action Model
Logic
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Definition (Language Lkcs)

Let P be a countable set of atomic propositions and A a finite
set of agent symbols. Then the language Lx¢g of action model
logic is the union of the formulas @ € £3g, and the actions Symaxol

o € L3, defined by the following BNF: Logic

P:=p| -0 |(@N0) | Kag | Cao | [a]@
o:=Me) | aUa

wherep e P,ace A, BC A, and (M,e) is a pointed action
model with a finite domain E, and
for all events e’ € E, the precondition pre(e’) is a LF&,
formula that has already been constructed in a previous
step of the induction.

May 27th, 2019 B. Nebel, R. Mattmdller — DEL 10/69



Action Models

Intuition: R
yntax o
[a]: After (every) application of action a, ¢ is true. gy Moce!
Abbreviations:

(o) :=—[a]-¢
After (some) application of action «, ¢ is true.

M :=Uece(M, €)
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Deterministic vs. nondeterministic actions:
a = (M, e): Deterministic action o with unique pointed
event e. Example: o = (Read, eq).
o = oy U op: Nondeterministic choice, i. e., either oy or ap Syntaxof
happens. Example: o = (Read, eq) U (Read, e») = Read. fﬁgfl" Model
Remark 1a: o = Read not properly nondeterministic, since
preconditions of e; and e, are mutually exclusive.
Remark 1b: We will see a properly nondeterministic action
later (action Mayread).
Remark 2a: If, for a = (Mq,e1) U(M>,e5), we have
M, = M, then we can depict a as a multi-pointed model,
like (Read,eq) U (Read,e»):

b
Remark 2b: Formal introduction of multi-pointed models:
later.
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Action Models

Example (Action model Read, formally)
Read is the action model ({e1,e2}, ~,pre) with

~a = {(61 , €1 )5 (627 62)} pre(e‘l ) = P Syntax of
Action Model

~p ={(e1,€1),(e1,€2),(e2,€1),(€2,€2)}  pre(ez) = —p. Logic
(and with pointed event e4).

Remark: Public announcements are a special case of action
models.

Example (Public announcements)
Action model for the public announcement of ¢:
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Fix agents A and atomic propositions P.

Syntax of

Example (Skip) Action Model

Action skip (or 1) is the pointed action model (({e},~,pre),e) Logic
with pre(e) = T and ~z={(e,e)} for all a € A.

Example (Crash)

Action crash (or 0) is the pointed action model (({e},~,pre),e)
with pre(e) = L and ~,= {(e,e)} for all a € A.
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Question: Can we “chain” actions one after the other?

Definition (Composition) Syntax of
Action Model
Let M = (E,~,pre) and M’ = (E',~', pre’) be action models in Logic

L. Then their composition (M;M') is the action model
M" = (E",~", pre") such that:

E"=ExFE',

(e,e') ~7 (g,€) iffe ~5 € and € ~} €, and

pre((e.€')) = (M. e)pre’(¢/).
For pointed action models: (M, e); (M’,€")) = (M; M), (e, €)).
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Example (Composition)
Action model (Read,,e) = (Read, eq):

Syntax of
Action Model

- b Logic

Action model (Readp, €/)):

/. a I
e, :p e):p
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Example (Composition, ctd.)
Action model (Read,,e1); (Ready, €}):

e p Syntax of

Action Model
- /. a /.
b J ‘e1.p}7‘ez.ﬁp‘

Logic
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Example (Composition, ctd.)
Action model (Read,,e1); (Ready, €}):

" - a -
er:p ‘(61,GQ).(P11 }7‘ (e1,e’2).(p12‘ Syntax of
Action Model
Logic
- /. a /. —
b ’ ‘e1.p}7‘ez_ﬁp‘ = b b
@ ‘ 92,91 }7‘ 92792 P22 ‘

where

@11 = (Reads,e1)p=p  @2=(Ready,e1)-p= L
@001 = (Readz,e0)p= L @00 = (Readz,e2)—p=-—p
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Action Models

Example (Composition, ctd.)

Remark: With @12 = @1 = L, events (ey,€5) and (&, e2) can
be eliminated as globally inapplicable.

This leaves us with (Read,, e1); (Readp, €]) equivalent to: ot
Logic

(e1,€}):p (e2,€5) 1 —p

Further eliminating unreachable events, we get:

(e17e{|) ‘P

In other words, if both a and b read the message that p is true,
and they are aware of each other reading the message, the
two actions combined must produce common knowledge of p.
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Semantics of Action Model
Logic
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Action Models

Definition (Product update)

Let M = (S,~, V) be an epistemic model and let
M = (E,~,pre) be an action model. Then the product update
M ® M is the epistemic model M’ = (S',~/, V') with:
Semantics of

S, = {(S7e) e S X E|M7S Fpre(e)}s Action Model

Logic
(s,e) ~, (t,e) iffs~5tand e ~, €, forae A, and ’
(s,e) € Vyiff s € Vp.

Example
(Before,s) ® (Read, e4) = (After, (s1,€1))

May 27th, 2019 B. Nebel, R. Mattmiiller — DEL 20/69
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Definition (Semantics of formulas and actions)

Let (M, s) be an epistemic state, ¢ € LF&, and o € L3

M,S |=p7 0, AV, Ka‘Pa CB(P as usual
M,sk[ale iff  forall (M ') ' Acton Mocel
(M, s)[a](M’,s') implies (M',s) E ¢ o

where

(M, s)[(M,e)|(M',s) iff
(M,s) E pre(e) and (M',s') = (M & M, (s,e)), and
[aUua] =[a]U[a].
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Remarks:
For o = (M, e), [e] is functional, i.e., for each (M,s),
there is at most one (M’,s’) with (M, s)[(M,e)][(M’,s').
For o = oy U axp, this is no longer necessarily the case.
Careful with duality between [¢] and (), then.
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Special case « = (M,e): Then M,s = [a]g iff M,s F pre(e) —
implies (M ®M, (s,e)) E ¢. t\g;iiocn Model
Dual (), for a = (M, e):

M, sk (a)p iff

M, s #[a]-e iff

M, s E pre(e) does notimply (M&@M,(s,e)) E—¢ iff
M, s Epre(e) and (M @M, (s,e)) ¥ ¢ iff
M,s Epre(e) and (M®@M,(s.e)) ¢

May 27th, 2019 B. Nebel, R. Mattmiiller — DEL 22/69



Action Models

UNI

)
&
2
Q
[*7]
4
[* 9

Remark: This is very similar to the semantics of [p]y and
(@) y in public announcement logic.

For completeness, dual (), for general a:

M,sk (a)p iff Acton Modl
M, s F [a]-e iff -
notf. a. (M’,§) : (M, s)[a](M',s) implies (M',s) E ¢ iff

there ex. (M',s') : (M, s)[a](M’,s') and (M';s) £ ¢  iff

there ex. (M',s') : (M, s)[a](M’,s') and (M',s) E ¢

May 27th, 2019 B. Nebel, R. Mattmiiller — DEL 23/69
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UNI

Proposition

Let (M.e),(M',€') € L3Z_ and ¢ € L3 . Then
[(M,e);(M',€')]¢ is equivalent to [(M, e)][(M',€)]¢.

Let (M, s) be arbitrary. Show that M, s k& [(M, e); (M',€)]¢ iff toge

M, s E[(M,e)l(M',e)]¢. For this, it is sufficient to show that
M & (M; M) is isomorphic to (M @ M) M'.
Isomoporphic domains: Let (s, (e,€’)) € D(M @ (M;M')).
Then: M,s E pre’((e,€)) = (M, e)pre’ (') iff
M,s kE pre(e) A [M,elpre' (¢) iff M, s E pre(e) (1) and
M,s E [M,elpre' (€') (2).[...]
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Proof (ctd.)

Isomoporphic domains (ctd.): [...] We have:

M.s E pre(e) (1) and M,s E [M,elpre’(€') (2).

From (1): (s,e) € D(M @ M) (3).

From (2) and (3): (M ®@ M, (s,e)) [ pre'(€'). N
This implies ((s,e),€’) € D(M M) M’). Action Model
Conversely, we also get (s, (e,€')) € D(M @ (M,M')) for oo

all ((s,e),e’) € D(M M) M).

Accessibility relations: Assume that

(s,(e,€’)) ~a (t,(€,€)). This holds iff s ~, t and

(e,e) ~5(e,€)iff s~,tand e ~, € and €' ~, &' iff

(s,€) ~a (t,€) and &' ~, €' iff ((s,e),€’) ~4 ((t,€),€).

Valuations: clear. O
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Question: What about composition of nondeterministic a?
Answer: No need to worry (cf. following two propositions).

Action Model
Let o, B,y € LEZ .. Then Logie
(U B);7) is equivalent to ( U(B;v), and
(a; (B UY)) is equivalent to (a ,[3) (7). O

Proposition
Leta,B € L3, and ¢ € L3 .
Then [oc U Blo is equivalent to [a]e A [B]e. O
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Action Models

Example
Model (Before,s) ® (Read, e4):

si:ip
a,b X |ei:p }L\ e:p| = ‘ (s1,€1):p }i‘ (s2,€2): “P‘ Semantics of
Action Model
Logic
So i p
Then:

Before,s; | [Read, e{]Kap
Before,s; | [Read, e{]-KpKap
Before,s; E [Read, e1]Cap(Kap V Ka—p)
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UNI

Example

Now, a may only read the letter, but does not have to. Agent b
does not know whether a will read it or not. Actually, a does not

S ti f
read the letter. Action Modsl

Logic

From b’s perspective, there are three possibilities:
a reads the letter and learns that p is true.
a reads the letter and learns that p is false.
a does not read the letter and learns nothing about p.

May 27th, 2019 B. Nebel, R. Mattmuller — DEL 28/69
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Example (ctd.)
Action model (Mayread, e3):

Semantics of
Action Model

b b Logic

Mayread = (Mayread, e;) U (Mayread, e>) U (Mayread, e3)

May 27th, 2019 B. Nebel, R. Mattmuller — DEL 29/69



Action Models

Example (ctd.)
Model (Before, s1) ® (Mayread, e3):

CHISS e

b Semantics of
Action Model
e3: T Logic

a,b -
®

(100 :p]—2—[(sze2) ]

b b

[(s1,63):p }T‘ (s2,€3) : P

May 27th, 2019 B. Nebel, R. Mattmdiller — DEL 30/69



Action Models

Example (ctd.)
Model (Before, s1) ® (Mayread, e3):

b
(s1,1):p (s2,€2) : =P

Semantics of
b b Action Model

Logic
(s1,€3):p (s2,€3): —p
a,b

R

Before, s | [Mayread, e3]—(Kap vV Ka—p) A Kp(Kap V Ka—p)
Before Ep —
((Mayread)Kp A (Mayread)—Kzp A ~(Mayread)K,—p)
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Can two action models be bisimilar? ~ Yes.

Does the application of bisimilar action models to bisimilar
epistemic states lead to bisimilar successor states? ~~

Yes.

Do we even need bisimilarity of actions models for that? Bisimilarty
an ction

~ NO Emulation

Weaker notion of emulation is enough.
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Bisimilarity and Action Emulation
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M, and M, are not bisimilar, but always behave in the same
way ~~ similar enough.

a,,as,...,a -
My= |er: T M= |€Ep:p 1,92 i ep:p

Before looking at bisimulations and emulations between action
models, let us quickly see that applying the same action to two
bisimilar epistemic states always results in bisimilar successor
states.

Bisimilarity
and Action
Emulation
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Proposition (Preservation of bisimilarity)

Let (M,s) and (M'’,s’) be two epistemic states with

(M,s) & (M',s'). Let (M,e) with M = (E,~,pre) be applicable
in (M,s). Then (M @M, (s,e)) & (M' @M, (s,e)).

Proof.
. . Bisimilarit»
(M, e) is also applicable in (M’,s’), since M,s E pre(e) and and /IAciio:
mulation

(M,s) & (M',s) implies (M',s') E pre(e). Let

B:(M,s)= (M §).

Then the bisimulation B : (M @M, (s,e)) & (M’ @M, (s',e))
between the successor states can be defined as
B'((t,e),(t', &) iff B(t,t') and € = €’ for all (t,€) and (t',€'). []
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Bisimilarity and Action Emulation

Definition (Bisimulation of actions)

Let two pointed action models (M, ¢) with M = (E,~,pre) and
(M, 0"y with M’ = (E',~ ,pre’) be given. A non-empty relation
B C E x E' is a bisimulation between (M, £) and (M, ¢') iff
B(¢,0'), and for all e € E and €’ € E’ with B(e, €’), the following
holds:
Bisimilarity

(forth) for all agents a € A and € € E, if e ~; &, then and Action
there is an &’ € E’ such that ¢’ ~, ¢’ and B(g, ¢’),

(back) forallagentsac Aand e’ € E,if &'~ ¢, then
there is an € € E such that e ~, € and B(e, €'), and

(pre) pre(e) and pre’(¢') are logically equivalent.
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Bisimilarity and Action Emulation

Definition (Bisimulation of actions, ctd.)

B is a total bisimulation if for each e € E, there is an €’ € E’
such that B is a bisimulation between (M, e) and (M’,e’) and
vice versa.

Bisimilarity

We write (M, e) & (M',€') iff there is a bisimulation between M i
and M’ linking e and €’, and we then say that (M, e) and Emulation
(M',€') are bisimilar.

May 27th, 2019 B. Nebel, R. Mattmuller — DEL 37/69
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Forth condition, visualized

M’

Bisimilarity
2 and Action
Emulation

/
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Bisimilarity and Action Emulation

Forth condition, visualized

UNI
FREIBURG

|
Bisimilarity
2 a and Action
Emulation
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Bisimilarity and Action Emulation

S2ET
L . o
Now, can we prove that bisimilar action models are always Suw

interchangeable? Yes!

Proposition

Given two action models (M,e) < (M',e’) and an epistemic
state (M, s) such that (M, e) is applicable in (M,s). Then
(MM, (s,e) & (MM, (s,e)).

Bisimilarity
and Action
Emulation

Proof

Let B: (M,e) & (M',€'). Then [ pre'(e') + pre(e), because
B(e,€'). Since (M, e) |s applicable in (M s), we have

M, s k pre(e). Hence, also M, s [ pre'(€'), i.e., (M',€') is also
applicable in (M s). [-..]
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Bisimilarity and Action Emulation

Proof (ctd.)

The bisimulation B’ : (M @M, (s,e)) € (MM’ (s,€')) is
defined as B/((t,€),(t', ")) iff t =t' and B(e, €’).

The forth and back conditions follow from those of 5.
Valuations: t € V,, iff t' € V},, and € and €’ do not affect the

valuations. O
Bisimilarity
and Action
Emulation

If(M,s) = (M',s') and (M,e) « (M',€'), then also

(MeM,(s,e) « (MM, (s e)). O

May 27th, 2019 B. Nebel, R. Mattmiiller — DEL 40/69



Bisimilarity and Action Emulation

Recall our earlier example. My and M, are not bisimilar, but
always behave in the same way ~~ similar enough.

= ay,das,...,dan =
My= |ler:T Mo= [€p:p ety ep: P

Question: How to formalize “similar enough”?

Answer: Action emulation!

May 27th, 2019 B. Nebel, R. Mattmiiller — DEL 41/69
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Bisimilarity and Action Emulation

Definition (Action emulation)

Let two pointed action models (M, £) with M = (E, ~,pre) and
(M, 0"y with M’ = (E',~', pre’) be given. An emulation between
(M, £) and (M, (') is a relation £ C E x E’ such that £(¢,¢'), and
forallac A, alle,e € E and all €,¢’ € E’, the following holds:
(forth) if £(e,€’) and e ~, &€, then there are
gf,...,€, € E' suchthatforalli=1,...,n, £(¢,¢) and I
e’ ~} €, and pre(e) E pre'(e}) v --- vV pre' (). and Acton
(back) if E(e,e’) and €' ~, €, then there are
€,...,&p € Esuchthatforalli=1,...,n, £(¢,€') and
e~ &, and pre'(€') E pre(ey) V - - -V pre(ep).
(pre) if E(e,€’), then pre(e) A pre’(¢') is consistent
(unless pre(e) or pre’(€') is already inconsistent).
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Bisimilarity and Action Emulation

Definition (Action emulation, ctd.)

£ is a total emulation if for each e € E, there is an e’ € E’ with
E(e,€’) and vice versa.

We write £ : (M,e) = (M',€') iff there is an emulation £ Bisimilarty
between M and M’ linking e and €, and we then say that and Action
(M,e) and (M’,€’) are emulous.
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FREIBURG

— E —
Forth condition, visualized 2
M: M’
a
Bisimilarity
and Action
Emulation
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Forth condition, visualized

UNI
FREIBURG

a
Bisimilarity
and Action
Emulation

pre(e)  pre/(g})V --- V prée/(g))
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)
&
2
Q
[*7]
4
[* 9

=
Example (Action emulation) o
noop: noop,:
,_6_:« ——————— €p:p
er: T ai,az,...,an

Bisimilarity
and Action
Emulation

Emulation: € = {(eT,ep), (eT,e-p)}-

Forth: For £(eT,ep): only et ~, e for all a € A. Need to
find events €, ..., €/ such that £(e,¢/) and e, ~, & for
alli=1,...,n, and pre(et) E pre'(g}) V --- V prée'(gp).
Choose {¢f,...,&,} = {ep,e—p}. Then pre(et) =

T EpV-p=pre(ey) Vpre'(e-p). E(eT,e-p) similar.
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Bisimilarity and Action Emulation
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=
Example (Action emulation, ctd.) =)
noop: noop,:
/_6_‘<~ ——————— €p:p
EIE - a1,az,...,an

Bisimilarity
and Action
Emulation

Back: Exemplarily for £(et,ep) (E(eT,e-p) similar): we
have e, ~, ey and e, ~, e, for all agents a. Exemplarily
for e, ~}, €, (again, e, ~}, e, similar). Need to find
events &, ..., &, such that £(g;,ep) and et ~, & for all
i=1,...,n, and pre'(ep) pre &)V ---Vpre(g,). Choose
{&,.. en} {er}. Then pre/(ep) =p = T = pre(e).
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Bisimilarity and Action Emulation

Example (Action emulation, ctd.)

noop;: noop,:
» & € :p
er: T X ai,az,...,an
R @ Bisimilarity
and Action
Emulation

Pre:
For (e+,ep): pre(et) Apre'(ep) = T Ap = p is consistent.
For (et,e-p): pre(et) Apre'(e-p) = TA—p=-pis
consistent.
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Bisimilarity and Action Emulation

&)
-4
-
-a
zl.l.l
S

Example (Action emulation, Ex. 2)

M;: Mo:
_ & - €2:p
e :pVvqg Bisimilarity
a and Action
Seg - Emulation
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Bisimilarity and Action Emulation

Example (Action emulation, Ex. 3)

My Ma:
’5”_______ es:pA—Qq
e p - a
T S~ ?\ Bisimilarity
a T Y
g
€3:q a
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Bisimilarity and Action Emulation

UNI

)
&
2
Q
[*7]
4
[* 9

Proposition (Bisimulations are emulations)
A bisimulation B : (M,e) « (M',€') is also an emulation.

Bisimilarity
Proof. and Action
Emulation

Easy. Homework. O
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Bisimilarity and Action Emulation

Proposition (Emulation guarantees bisimilarity)

Given an epistemic model M and action models M = M'.
Then MM < MM,

Proof.

Let M = (E,~,pre) and M’ = (E',~' ,pre’) with & : M = M'.

Define B: M@M < MM’ as B((s,e),(s',¢€')) iff s=s" and

E(e,€’). Show that B is a total bisimulation between M @ M and Acton
and M®MI Emulation

Forth: Let (s,e) ~, (t,€) and B((s,e),(s,€)). Then s ~, t,
e~g¢€,and E(e, €).

Therefore, there are events &/,.. ., &, such that
E(e,g)),...,E(e,€))and &' ~ g,...,€ ~} €], and
pre(€) | pre'(g}) Vv --- Vv pre'(g]). [...]
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Bisimilarity and Action Emulation

UNI
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Proof (ctd.)

Forth: [...] We know that (¢, €) € D(M @ M). So,

M, t | pre(e), and hence M, t E pre'(e}) V.-V prée'(gp).
So, there is an 1 <i < n such that M, t E pre/(g]).
Therefore, (t,€/) € D(M @ M'). Furthermore,
B((t,€),(t,€)) by definition of B, and (s,€e’) ~, (t, /), since
s~atande ~} €.

. . Bisimilarity
Back: Similar. and Action

Emulation
Valuations: B((s,e),(s’,€’)) implies s = s’. Action
applications do not affect the valuations. O

Remark: For action models with propositional preconditions,
action emulation fully characterizes the effect of action
application. l.e.,if MM e MM’ then M = M'.
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Bisimilarity and Action Emulation

Example (Emulation guarantees bisimilarity)

FP T ®

= [Gren:pF2 (sz.e1) P
I I 0
/ \‘\ Bisimilarity
r’ \\ and Action
! . Emulati
srpl 2 [ p] @ [Pl [ ] = [G1.60):p) 2 (s205) P
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Validities and
Axiomatisation
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Validities and Axiomatisation

Recall: In public announcement logic, ()¢ — [y]e is valid.
Question: Is (o) — [ax]@ also valid in action model logic?
Answer: No!

Reason: Nondeterminism. Potentially, after some outcome of
a, @ is true, but not after every outcome of o.

Counterexample: ¢ = Kzp and

o = Mayread = (Mayread, e;) U (Mayread, e5) U (Mayread, e3).
(After the outcome of Mayread in which Alice reads p, she
knows p, but after the outcome where she does not read the
letter, she does not know p).
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Validities and Axiomatisation

UNI

)
&
2
Q
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4
[* 9

But: [a U Bl < [a]e A[B]e is valid.
~> get rid of nondeterminism.
~» assume no nondeterminism for the rest of this section.

~ justification for formulating all principles of action model
logic in terms of action models only (no nondeterministic
Ch0|Ce) . Validities and

Axiomatisati-
on
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Validities and Axiomatisation

Proposition (atomic permanence)
M, elp < (pre(e) — p) is valid. O

Proposition (action and negation)

M, e]l— < (pre(e) — —[M,e]o) is valid. O
Proposition (action and conjunction) Ariomatsat
M., el(¢ A ) < (IM,ele A M, ely) is valid. O *
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Validities and Axiomatisation

Question: What about public announcement logic
principle/validity [p]Kaw < (¢ — Ka[@]y)?

Answer: It does not directly generalise to action model logic.
That is, the formula [M, e]Kay < (pre(e) — K3[M, e]y) is not

valid (not even for deterministic o = (M, e)!) Validitios and

Axiomatisati-
on
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Validities and Axiomatisation
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Sso-
Example (Model (Before,s) ® (Read, e4)) >
a,b X \&J’}L\eziﬂp\ = ‘(31,61)1P}£‘(52,92)3—'P‘

On the one hand:
Before,s; Ep — Kp[Read,e{]p  since

Validities and

Before,s; =[Read,ei]p since Axiomatisati-
Before, s [ pre(eq) implies Before ® Read, (s1,e1) Ep, "
and

Before,s, [Read,eq]lp  since
Before, s, [# pre(ey).
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Validities and Axiomatisation

Example (Model (Before,s) ® (Read, eq))

S1:p
a,b (039 \m:p}L\ez:ﬁp\ =
Sp P

On the other hand:
Before,s; [# [Read,e{]K,p  since

Before, sy = pre(eq), but
Before ® Read, (s1,e1) ¥ Kpp.
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[CReN B2 G200 ]

Validities and
Axiomatisati-
on
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Validities and Axiomatisation

Example (Model (Before,s{) ® (Read, e), ctd.)
Before,s; [ [Read,,e1]Kpp > (pre(e1) — Kp[Ready, e1]p).

Hence, [M,elK,¢ < (pre(e) — K3[M, e]p) is not valid!

Intuition: Agent b may mistake action (Read,, e4) for action
(Read,, e2) when observing it. Hence, when observing
(Read,, eq), he does not learn that p is true, but also considers
it possible that agent a just learned —p.

Remark: Agent b does observe that (Reada, eq) or (Reads, e)
happens; he just cannot distinguish between them.

Hypothetically, if for both actions (Read, eq) and (Read,, ),
agent b knew that they produce p, then after (Read,, e1),
agent b would also know that p is true.
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Validities and Axiomatisation

This provides intuition for the following proposition:

Proposition (action and knowledge)
M, elKa9 < (pre(e) — Ae~, e KalM, €]9) is valid.

Proof

We prove the dual: (M,e)Ka¢ <> (pre(e) A Ve.,e Ka(M, €) @) is
valid. Let M = (S,~, V) and M = (E, ~,pre).
(=) Assume that M,s & (M,e)K,¢. Then M,s k pre(e)
and M @M, (s,e) £ K. Then there is a (t,€) € Sx E Valdiios and
such that (s,e) ~; (t,€) and M @M, (t,€) E ¢. Thus, Puiomatsat:
s~y tand e~ ¢e. Moreover, Mt = (M, e)¢p. With s ~ t,
we get M, s E Ka(M, €)o.
So, with e ~, €, we get M, s E V. . K. Ka(M, €) .
(<= [
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Validities and Axiomatisation

Proof (ctd.)

We prove the dual: (M,e)Ka¢ <> (pre(e) A Ve.,e Ka(M, €) @) is
valid. Let M = (S,~,V) and M = (E,~,pre).

=)1I[..]

(«) Assume that M, s | pre(e) and there is an event

e € E with e ~; € and M, s £ K,(M, €)@. Then,

(s,e) € D(IM®M) and there is a state t € S with s ~, t

and M,t £ (M,e)@. Thus M, t|=pre , and

(t,€) € DM @M), and (MM, (t,€) )= ®. With s ~, Aviomatioats
and e ~, €, we get (s,e) ~, (t,€). Hence, *
MeM,(s,e) EKao.

So, M,s £ (M,e)K,0. O
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Validities and Axiomatisation

Proposition (Actions and common knowledge)

Given an action model (M, e) and formulas x. for all € ~g e. If
forallac B andforall ¢ ~4 €, E xe — [M,€]ep and
E (xe Apre(€)) — Kaxe, then  xe — [M,€e]Cpo.

Proof.

Let M = (E,~,pre). We need to show  y. — [M,e]Cgo.

Assume an arbitrary (M, s) such that M, s [ xe, and assume

that M, s [ pre(e). Then we need to show that

(M @M, (s,e)) £ Cgp. Assume an arbitrary state Ariomatsat
(u,?) € D(M ® M) that is B-accessible from (s, e). We show o

that (M ®@ M, (u, £)) E ¢ by induction on the path length from

(s,€) to (u, ). We prove the stronger statement

(MeM,(u,f) Eand M,uk x.[...]
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Validities and Axiomatisation
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Proof (ctd.)

Base case (n = 0): Follows from [ x: — [M, €] for € = e,

applied to M, s, and from assumptions M, s E xe and

M,s k pre(e)

Inductive case (from nto n+1): There is a state (¢, €) such

that (s, e) ~g (t, €) ~z (u, ), where the path linking (s,e) to

(t,€) has length n. With the induction hypothesis, we get

(MM, (t€)) E @ and M,t E x.. With M, t E x. and

M.t  pre(g) and assumption [ (xe Apre(€)) — Kaxe, we Validities and
get M.tk Ka x¢- With t ~, u, we get M, u E ;. With omatisatt
assumed validity £ x: — [M, €], we get M, u [ [M,{]¢.

With (u,?) € DIM @ M), we get M, u [ pre(¢). Hence,

(MM, (u,l)) E . O
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Validities and Axiomatisation

AMC

Axioms and inference rules for action model logic AMC:

all axioms and rules of S5C with common knowledge
[M,elp «> (pre(e) — p) (Atomic permanence)

M, el < (pre(e) — —[M,e]p) (Action + negation)

M el(p Ay) < ([M,e]lo AN[M,e]y) (Action + conj.)

M, elKa@ < (pre(e) — Mo, Ka[M, €]@) (Action + knowl.)
M, el[M'.€']p < [(M,e);(M',e')]o (Composition)
[dUBlo <> [a]o A[B]le (Nondeterministic choice)

From ¢, infer [M,e]¢ (Neccessitation of [M, e])

Given action model (M, e) and y for all € ~g e. If for all
aeBandl~,¢, e — [M,€]le and (x: A\pre(€)) — Kaxe,
then infer xo — [M,e]Cg¢ (Action + common knowledge)
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Validities and Axiomatisation
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UNI

Theorem
The axiomatisation AMC is sound and complete for the set of
all valid formulas in Lcg. O

Validities and
Axiomatisati-
on
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Validities and Axiomatisation

We show that - [Read,, e1]K;p:

p—p (prop. taut.)

[Read;,eqlp <+ (p — p) (atomic permanence,

pre(et) = p)

[Reada,eqlp (1, 2, prop. reasoning)

Kz[Reada,e1]lp (3, necc. of K3)

p — Kz[Readz,e{]p (4, prop. reasoning, weakening) Valdiios an
[Read,, e1]Kap < (b — A¢~.e, KalR€ad,, €]p) (action + Adomatsati
knowledge, [e1]~, ={e1})

[Read,,e1Kzp (5, 6, prop. reasoning)
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Summary

Summary
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Summary
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Action models allow more epistemic change than just
public announcements.

Action models similar to Kripke structures. State update
by product update operator.

Emulous action models are interchangeable.

Axiomatization similar to public announcement logic.
Actions and (common) knowledge slightly trickier.

Summary
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