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Recap

Last session: Axioms of epistemic/doxastic logic, group
knowledge (common knowledge, distributed knowledge).

Today: Modeling changes of knowledge due to public
communication and observations (muddy children puzzle).
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Muddy Children Puzzle: Formulation

Consider n children playing outdoors together. Suppose k of
them get mud on their foreheads. Each of the n children can see
which of the other n — 1 children are muddy or not, but, of
course, can’t be sure whether s/he is muddy.

The father shows up and announces: “At least one of you
has mud on his/her forehead.”

The father then asks: “Does any of you know whether s/he
has mud on her/his forehead?”

After the k-th such question, all the kK muddy children will
answer “Yes!”.
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Interesting Questions
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)
Did the father tell the children anything new in the first
announcement?
Why is it that all the muddy children simultaneously know
the answer to question (2) after exactly k rounds?
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Base Case I
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Case k =1
The muddy child only sees clean children. And all clean
children see one muddy child.

Muddy child considers possible: 0 or 1 children are muddy.
Clean children consider possible: 1 or 2 children are muddy.

After the father announces that at least one of them is
muddy:

Muddy child considers possible: 1 muddy.

Clean children consider possible: 1 or 2 muddy.

The father asks who knows to be muddy:
Muddy child knows!
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Base Case 11

Case k=2

The muddy children see exactly one muddy child. And all
clean children see two muddy children.

Muddy children consider possible: 1 or 2 children are

muddy.

Clean children consider possible: 2 or 3 children are muddy.
After the father announces that at least one of them is
muddy:

Muddy children consider possible: 1 or 2 muddy.

Clean children consider possible: 2 or 3 muddy.

The father asks who knows to be muddy:

Nobody!

Hence, there must be more than one muddy children.

Muddy children consider possible: 2 muddy.

Clean children consider possible: 2 or 3 muddy.

The father asks who knows to be muddy:

The muddy children know!
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General Case
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Assume it is common knowledge that: If the father asked
k — 1 times if the children know whether they are muddy
and each time they all answered “No”, then at least k
children are muddy.

Then, each of the k muddy children sees only kK — 1 muddy
children, but knows that at least k are muddy. Hence, it can
answer “Yes!” to the father’s k-th question.
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Muddy Children: After First Announcement

(reflexive edges omitted)
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Father:“At least one of you has mud on his/her forehead!”

MI, w1 ): —Kymy A —=Ky—mj

MI, w1 ): —Komo A\ —=Ko—my

M',wy |= Cy4 2y(m1 V mz) (=announcement is informative)
:>M,, W1 ): K2(K1 —ms — Kimj ) A Ky (K2—|m1 — K2m2)
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Muddy Children: Initial 9
(reflexive edges omitted) = D
«a._;_g_
2
=1
M:
M,wi = M,wy = Efq 21 (m1 vV mz)
Ci1.2y(Kimz V Ky —m) M,wy = —EZ2, 5 (my vV my)
{1.2)3 2T ¥ Re M, w1 [= Dy 21(mq Amz)
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Muddy Children: After Question 9
(reflexive edges omitted) 2
S
=1

Nobody answers “Yes” to father’s question “Does any of you
know whether s/he has mud on her/his forehead?”

M- my,mg }---=---- my &my

M" w1 |= Cyy 2y (my Amy)
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Public Announcement Operator
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['@]y: “After @ has been truthfully announced, v is the case.”
Semantics

M,w = [l@|y iff. M,w [~ @, or else My, w |= v

M, is the relativation of M to the worlds where ¢ holds. The
model M, = (S',R’, V') is given as follows:

S={weS:Mwkop} (1)
R =R|sxs @)
Vi(p) = V(p)nS' (3)
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Muddy Children Puzzle: PAL: Initial

(reflexive edges omitted)

UNI
FREIBURG

To Show: M, wq |= [l@1]['@2 A @3]K1my A Koms
Q1 =mNVm;

Qo = (—|K1ITI1 A=K —|m1)

Q3 = (—|K2m2 VAN —|K2—|m2)
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Muddy Children Puzzle: PAL: After
Announcement

M,W1 ': ['(p1]['(p2/\(p3]K1m1 A Komo
iff. M./ 4] I;A @4 or else M(p1,W1 ‘: [|(p2 VAN (p3]K1m1 AKomo

M(p1 , Wi ): C{172} (m1 vV m2)

(eflexive edges omitied) 2 ::»_:
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Muddy Children Puzzle: PAL: After Questlon

(reflexive edges omitted)
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Mq,1 , W1 ': [I(p2 A (ps]K1m1 A K2m2
iff. My, , w1 [= @2 A\ @3 or else My, vor0n Kymy A Komo

M(p1 OunGn? /4] ): C{1,2}(m1 /\m2)
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Translation of PAL to Epistemic Logic

Theorem (cf., [1])

For every formula ¢ with public announcement operator there is

tip)=p

t(—p) = —t(p)
toAy)=t(e)At(y)
t(Kip) = Kit(¢)

t(['olp) =t(e) —p

t([le)~y) =t(e — —['o]y)
t['el(wAx)) =t(['ely Allo]x)
t{['plKiy) =t(p — Ki['o]y)
t['ol['ylx) = t(['(e Al'@]w)]x)
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a equivalent formula t( @) without public announcement operator.
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Summary and Outlook
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Public communication and observations change what is
common knowledge among agents = This kind of dynamics
can be modeled using the Public Announcement Operator.
Public Announcement Logic can be translated to Epistemic
Logic.

Next Lecture: Logics-based specification of BDI agents (a
modal-logics based theory of actions, beliefs, goals,
intentions).
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