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Abstract

Bondarenko et al. have recently proposedan
extensionof theargumentation-theoreticseman-
ticsof admissibleandpreferredarguments, orig-
inally proposedfor logic programmingonly, to
a numberof othernonmonotonicreasoningfor-
malisms. In this paperwe analysethe compu-
tational complexity of credulousand sceptical
reasoningunderthesemanticsof admissibleand
preferredargumentsfor (the propositionalvari-
ant of) somewell-known frameworks for non-
monotonicreasoning,i.e. Theorist,Circumscrip-
tion andAutoepistemicLogic. While thenew se-
manticshave beenassumedto mitigatethecom-
putationalproblemsof nonmonotonicreasoning
under the standardsemanticsof stable exten-
sions, weshow that in many casesreasoningun-
derthenew semanticsis computationallyharder
than underthe standardsemantics. In particu-
lar, for AutoepistemicLogic, the scepticalrea-
soningproblemunderthesemanticsof preferred
argumentsis locatedat the fourth level of the
polynomialhierarchy, two levelsabovethesame
problemunderthe standardsemantics.In some
cases,however, reasoningunderthenew seman-
ticsbecomeseasier– reducingto reasoningin the
monotoniclogics underlyingthe nonmonotonic
frameworks.

1 Intr oduction

Bondarenko et al. [1997] propose a single abstract
framework for nonmonotonicreasoningthat can be in-
stantiatedto capturemany existing logics for nonmono-
tonic reasoning,in particularTheorist[Poole,1988], Cir-
cumscription[McCarthy, 1980], andAutoepistemicLogic
(AEL) [Moore, 1985]. They also propose two new

(argumentation-theoretic)semanticsfor nonmonotonicrea-
soning, generalisingthe admissibility semantics[Dung,
1991] and the semanticsof preferredextensions[Dung,
1991] or partial stablemodels[Sacc�a andZaniolo, 1990]
for logic programming.In this paperwe refer to the new
semanticsasadmissibleandpreferred arguments, respec-
tively.

Thenew semanticsaremoregeneralthanthestandardse-
manticsof stableextensionsfor nonmonotonicreasoning,
sinceevery stableextensionis a preferred(and admissi-
ble) argument,but not everypreferredargumentis a stable
extension. Moreover, the new semanticsaremoreliberal
becausefor mostconcretelogicsfor nonmonotonicreason-
ing, admissibleandpreferredargumentsarealwaysguar-
anteedto exist, whereasstableextensionsarenot. Finally,
reasoningunderthenew semanticsappearsto becomputa-
tionally easierthanreasoningunderthestandardsemantics
[KowalskiandToni, 1996;Dungetal., 1997].

However, from a complexity-theoretic point of view, it
seemsunlikely that thenew semanticsleadto betterlower
boundsthanthe standardsemanticssinceall the “sources
of complexity” onehasin nonmonotonicreasoningarestill
presentunderthenew semantics.Therearepotentiallyex-
ponentiallymany argumentssanctionedby the semantics.
Further, in orderto testwhethera sentenceis entailedby
a particularargumentone has to reasonin the underly-
ing monotoniclogic. For this reason,one would expect
thatreasoningunderthenew semanticshasthesamecom-
plexity as underthe standardsemantics,i.e., it is on the
secondlevel of the polynomialhierarchyfor frameworks
with full propositionallogic astheunderlyinglogic [Cadoli
andSchaerf,1993]. However, recentresultsfor disjunctive
logic programming[Eiter et al., 1998] and default logic
[Dimopouloset al., 1999] show that reasoningunderthe
semanticsof preferredextensionscanbeharderthanunder
the standardsemantics,i.e., it is on the third level of the
polynomialhierarchy.

In thispaperweextendthisanalysisandprovidecomplex-



ity resultsfor reasoningin the propositionalvariants of
TheoristCircumscription,andAEL underthenew seman-
tics. In particular, we show that, for AEL, credulousand
scepticalreasoningundertheadmissibilitysemanticsis on
the third level of the polynomial hierarchyand sceptical
reasoningunderthepreferabilitysemanticsis onthefourth
level of thepolynomialhierarchy.

The paperis organisedasfollows. Section2 summarises
relevantfeaturesof theabstractframework of [Bondarenko
et al., 1997], its semanticsand concreteinstances.Sec-
tion 3 introducesthereasoningproblemsandgivesgeneric
upperboundsfor credulousandscepticalreasoning,para-
metricwrt thecomplexity of theunderlyingmonotoniclog-
ics. Section4 givesthencompletenessresultsfor Theorist
andCircumscription,andSection5 providesthecomplete-
nessresultsfor AEL. Section6 discussesthe resultsand
concludes.

2 NonmonotonicReasoningvia
Ar gumentation

Assumeadeductivesystems(
�

, � ), where
�

is somefor-
mal languagewith countablymany sentencesand � is a
setof inferencerulesinducingamonotonicderivability no-
tion � . Given a theory ��� �

and a formula ��� � ,
�
	���
��������� ��� ������� is the deductive closureof
� . Then,anabstract (assumption-based)framework is
a triple ��������  , where �����!� � and is a mapping
from � into

�
. � , the theory, is a (possiblyincomplete)

setof beliefs,formulatedin the underlyinglanguage,and
canbe extendedby subsetsof � , the setof assumptions.
Indeed,anextensionof anabstractframework �"���#�$�  is
a theory �
	���&%(')� , with '*�+� (sometimesan exten-
sionis referredto simplyas �,%-' or ' ). Finally, givenan
assumption�.�/� , � denotesthecontrary of � .

Theorist[Poole,1988] canbe understoodasa framework
��0�#���  where � and � are both arbitrary setsof sen-
tencesof classical(first-orderor propositional)logic and
thecontrary � of anassumption� is just its negation 12� .
� is ordinaryclassicalprovability.

Circumscription[McCarthy, 1980] canbeunderstoodsim-
ilarly, exceptthat theassumptionsarenegationsof atomic
sentences1435�67� , for all predicates3 which areminimised,
andatomicsentences89�67� or their negation 1289�"67� , for all
predicates8 whicharefixed.

Autoepistemiclogic (AEL) [Moore, 1985] hasas the un-
derlying language

�
a modallogic with a modaloperator:

, but theinferencerulesin � arethoseof classicallogic.
Theassumptionshave theform 1 : � or

: � . Thecontrary
of 1 : � is � , andthecontraryof

: � is 1 : � .

Givenanabstractframework ��0�#���  andanassumption

set ';�<� , ' attacks an assumption ���=� if f �>�
�
	���(%?')� , and ' attacksan assumptionset 'A@B�C� if f
' attackssomeassumption�D�E'F@ .
Given that an assumptionset 'G��� is closed if f '��
�IH&�
	���=%J')� , the standardsemanticsof extensions
of Theorist [Poole,1988] and stableexpansionsof AEL
[Moore, 1985] correspondto the “stability” semanticsof
abstractframeworks,wherean assumptionset 'K�L� is
stable if f

1. ' is closed,

2. ' doesnotattackitself, and

3. ' attackseachassumption�&M�/' .

A stable extensionis an extension �
	N�"�O%P')� for some
stableassumptionset ' . The standardsemanticsof Cir-
cumscription[McCarthy, 1980] correspondsto the inter-
sectionof all stableextensionsof the abstractframework
correspondingto Circumscription.

Bondarenko et al. [1997] arguethat the stability seman-
tics is unnecessarilyrestrictive, becauseit insiststhat an
assumptionset should take a standon every issue (as-
sumption). Thus, they definenew semanticsfor the ab-
stract framework by generalisingthe “admissibility” se-
mantics originally proposedfor logic programmingby
Dung [1991]. An assumptionset 'Q�R� is admissible
if f

1. ' is closed,

2. ' doesnotattackitself, and

3. for all closedassumptionsets'F@S�O� ,
if ' @ attacks' then ' attacks' @ .

Maximal(wrt setinclusion)admissibleassumptionsetsare
calledpreferred. In thispaperweusethefollowing termi-
nology: anadmissible(preferred)argument is anexten-
sion �
	N�"�T%,')� for someadmissible(preferred)assump-
tion set ' . Bondarenko et al. show that, in the concrete
instanceof the abstractframework correspondingto logic
programming,preferredargumentscorrespondto preferred
extensions[Dung, 1991] andpartial stablemodels[Sacc�a
andZaniolo,1990].

Every stable assumptionset/extension is preferred(and
thusadmissible)[Bondarenko et al., 1997,Theorem4.6],
but not vice versa,in general.However, if the framework
is normal, i.e., if every maximalclosedset that doesnot
attackitself is astableset,thenthepreferabilityandstabil-
ity semanticscoincide[Bondarenko et al., 1997,Theorem
4.8]. Examplesof normalframeworksareTheoristandCir-
cumscription.
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In orderto illustratetheeffectsof thedifferentsemantics,
let usconsiderthefollowing AEL theory:

1 : 3VUL3NW 1 : 8XU�Y[Z
Thistheoryhasnostableextension,onepreferredargument
�\1 : 8]� : Y[� : 1 : 8]�^Z_Z^Z`� , anda numberof admissibleargu-
ments,e.g., in additionto the preferredargument,the ar-
gumentsa , �[1 : 8b� , �\1 : 8]� : Yb� , �\1 : 8]� : 1 : 8b� . If wedrop
thesentence“ 1 : 3cU�3 ,” we get thesameadmissibleand
preferredarguments.In addition,thepreferredargumentis
alsostable.

In the sequel,we will often use the following property
[Bondarenko et al., 1997,Theorem4.8]: Every preferred
assumptionsetis admissibleandeveryadmissibleassump-
tion setis a subsetof somepreferredassumptionset.

3 ReasoningProblemsand GenericUpper
Bounds

We will analysethe computationalcomplexity of the fol-
lowing reasoningproblemsfor the propositionalvariants
of the frameworksfor Theorist,CircumscriptionandAEL
underadmissibilityandpreferabilitysemantics:

d the credulousreasoningproblem, i.e., the problem
of decidingfor any given sentencee whether e��
�
	���.%?'F� for someassumptionset ' sanctionedby
thesemantics;

d the sceptical reasoningproblem, i.e., the problem
of decidingfor any given sentencee whether e��
�
	���O%(')� for all assumptionsets ' sanctionedby
thesemantics.

Thesentencee is any (variable-free)modalsentencein the
AEL case,and any formula in propositionallogic in the
TheoristandCircumscriptioncases.

Insteadof the scepticalreasoningproblem,we will often
considerits complementaryproblem,i.e.

d the co-scepticalreasoningproblem, i.e, the prob-
lem of deciding for any given sentencee whether
efM�?�g	N�"�X%h')� for someassumptionset ' sanctioned
by thesemantics.

In addition, we will considera sub-problemof all these
problems,namely:

d the assumption set verification problem, i.e., the
problemof decidingwhethera given assumptionset
' is sanctionedby thesemantics.

Thecomputationalcomplexity 1 of theaboveproblemsfor
all frameworksandsemanticsweconsideris locatedat the
lower endof thepolynomialhierarchy. This is an infinite
hierarchyof complexity classesaboveNP definedby using
oraclemachines, i.e. Turing machinesthatareallowedto
call a subroutine—theoracle—decidingsomefixedprob-
lemin constanttime. Let i beaclassof decisionproblems.
Then,for any classj definedby resourcebounds,j)k de-
notestheclassof problemsdecidableona Turing machine
with an oraclefor a problemin i and a resourcebound
givenby j . Basedon thesenotions,thesets'�l m , n�l m , ando l m aredefinedasfollows:

'�lpT�qn�lpT� o l pT�*r
'�l mts�u��vrxw9y z]� n�l mts�u0�|{}r w y z � o l mts5u��f~^� - {�r w y z .
The “canonical” completeproblemsare SAT for n�l u =NP
and � -QBF for n�l m ( �?�|� ), where � -QBF is theproblemof
decidingwhetherthequantifiedbooleanformula

�}�3�� �8�Z^Z^Z� �t� �m alternatingquantifiersstartingwith �
� � �3N� �8]�^Z_Z^Z`�tZ

is true. The complementaryproblem,denotedby co- � -
QBF, is completefor

o l m .
All problemsin thepolynomialhierarchycanbesolvedin
polynomialtime iff r&�R{�r . Further, all theseproblems
canbe solved by worst-caseexponentialtime algorithms.
Thus,thepolynomialhierarchymight not seemtoo mean-
ingful. However, different levels of the hierarchydiffer
considerablyin practice,e.g. methodsworking for moder-
atelysizedinstancesof NP-completeproblemsdonotwork
for n�l � -completeproblems.

The complexity of the problemswe are interestedin has
beenextensively studiedfor existing logics for nonmono-
tonic reasoningunder the standard,stability semantics
[CadoliandSchaerf,1993;Gottlob,1992;Niemel̈a,1990;
Marek and Truszczynski,1993]. In particular, the cred-
ulous and sceptical reasoningproblems are located at
the secondlevel of the polynomialhierarchyfor the for-
malismswe are interestedin, i.e., scepticalreasoningiso l � -completeandcredulousreasoningis n�l � -completefor
all of Theorist,CircumscriptionandAEL.

In thissectionweprovea numberof genericupperbounds
for reasoningunderthe admissibilityandpreferabilityse-
manticsthatareparametricon thecomplexity of thederiv-
ability problemin theunderlyingmonotoniclogic. For all
of Theorist,CircumscriptionandAEL, theunderlyinglogic

1For the following, we assumethat the readeris familiar
with the basicconceptsof complexity theory, i.e., the complex-
ity classes� , �5� and ��� - �5� , and the notion of completeness
with respectto log-spacereductions. Good textbookscovering
thesenotionsare[Garey andJohnson,1979] and[Papadimitriou,
1994].
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is classicalpropositionallogic, hencethederivability prob-
lemis in ~^� - {�r .

In orderto decidethecredulousandco-scepticalreasoning
problems,onecanapplythefollowing “guess& check” al-
gorithm:

(i) guessanassumptionset,

(ii) verify thatit is sanctionedby thesemantics,and

(iii) verify that the formula underconsiderationis deriv-
ablefrom the assumptionsetandthemonotonicthe-
ory or notderivablefrom it, respectively.

¿From that it follows that credulousreasoningand co-
scepticalreasoningarein the complexity class {}r k , pro-
vided reasoningin the underlying logic is in i and the
verificationthatanassumptionsetis sanctionedby these-
manticscanbedonewith polynomiallymany calls to a i -
oracle. For the stability semantics,we needindeedonly
polynomiallymany i -oraclecallsin orderto verify thatthe
assumptionset ' is not self-attackingandthat it is closed
andattacksall assumptions��M�O' . For theadmissibility
and preferability semantics,instead,the verification step
doesnotappearto bethateasy.

Theorem1 For frameworkswithanunderlyingmonotonic
logic with a derivability problemin i , the assumptionset
verificationproblemis

1. in r4k underthestabilitysemantics,

2. in ~^� - {}r k undertheadmissibilitysemantics,

3. in ~^� - {}rB�]�^� underthepreferability semantics.

Proof: Claim (1) follows from the argumentabove that
polynomially many i -oraclecalls are sufficient to verify
thatanassumptionsetis stable.

In orderto prove claim (2), we specifythe following non-
deterministic,polynomial-timealgorithm that usesa i -
oracle:

1. Checkif ' is closed,using
� �f�P' � i -oraclecalls. If

not,succeed.

2. Checkif ' is self-attackingusing
� ' � i -oraclecalls.

If so,succeed.

3. Guessaset 'F@B�C� .

4. Verify that 'F@ is closed,using
� �(�V'F@ � i -oraclecalls.

5. Verify that 'F@ attacks' using
� ' � i -oraclecalls.

6. Verify that ' doesnot attack 'F@ using
� 'F@ � i -oracle

calls.

Obviously, thealgorithmsucceedsiff ' is not admissible,
i.e., it solvesthecomplementof theassumptionsetverifi-
cationproblem.

Claim (3) is proved by the following nondeterministic,
polynomial-timealgorithmthatusesan {}r k -oracle:

1. Checkif ' is admissible,which,by claim (2), canbe
donebyonecall toan {�r k -oracle.If it isnot,succeed.

2. Guessaset 'F@B�O' .

3. Checkif 'F@ is admissible.If it is, succeed.Otherwise
fail.

Obviously, this algorithmdecidesthe complementof the
assumptionsetverificationproblemunderthepreferability

semantics,demonstratingthatthisproblemis in ~^� - {}rB�]�^� .

Furthermore,theredoesnot appearto bea way aroundthe
difficulty of theassumptionsetverificationproblemin the
generalcase.For somespecialframeworks,however, the
problemcanbesolvedmoreefficiently. In particular, this
is thecasefor normalframeworks,at leastundertheprefer-
ability semantics.Indeed,sincepreferredassumptionsets
coincidewith stableassumptionsetsfor theseframeworks,
theresultfor thestability semanticsin Theorem1 applies.

Corollary 2 For normal frameworks with an underlying
monotoniclogic with a derivability problemin i , the as-
sumptionset verificationproblemunder the preferability
semanticsis in r4k .
Wecouldnow applytheguess& checkalgorithmdescribed
above for deriving upperboundsfor the reasoningprob-
lems. However, the following considerations(sometimes)
allow to obtainbetterupperboundsfor thereasoningprob-
lems than the onesobtainedby using the guess& check
algorithmin conjunctionwith Theorem1.

First, sinceany preferredassumptionsetis admissibleand
any admissiblesetis asubsetof apreferredset,thefollow-
ing resultholds.

Proposition3 Credulousreasoningundertheadmissibil-
ity semanticsis equivalentto credulousreasoningunder
thepreferability semantics.

Thus,credulousreasoningunderthe admissibilityseman-
ticshasthesameupperboundascredulousreasoningunder
the preferabilitysemantics.This implies that, for normal
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frameworks, credulousreasoningunderadmissibilityand
preferabilitysemanticshasthesameupperboundascred-
ulousreasoningunderthestability semantics.

In addition,co-scepticalandscepticalreasoningunderthe
admissibility semanticsis often much simpler than sug-
gestedby theupperboundsin Theorem1 for therespective
assumptionset verificationproblem. We call an abstract
framework ��0�#���  simple if f thereis noadmissiblesetif
� is inconsistentandotherwisethereexistsa leastadmis-
sibleset 'A�B�f�DH��
	���
� .
Proposition4 For simpleframeworkswith an underlying
monotoniclogic with derivabilityproblemin i , thescepti-
cal reasoningproblemundertheadmissibilitysemanticsis
in i .

Puttingall theaboveresultstogetherandapplyingtheguess
& checkalgorithmleadsto thenext theorem,specifyingup-
perboundsfor all theframeworksandreasoningproblems
of interest.

Theorem5 Upper bounds for the different reasoning
problemsareasspecifiedin thefollowingtable:

Upperboundsfor credulousreasoning
Stability Admissibility Preferability

general {}r k {}rS�]�_� {}rB�]�^�
normal {}r k {}r k {�r k
simple {}r k {}r �]�_� {}r �]�^�

Upperboundsfor scepticalreasoning
Stability Admissibility Preferability

general ~�� - {}r k ~^� - {�r �]�_� ~^� - {�r �]����� �
normal ~�� - {}r k ~^� - {�rB�]�_� ~�� - {}r k
simple ~�� - {}r k i ~^� - {�r �]����� �

Proof: Thecolumnsfor thestability semanticsfollow be-
causethe credulousand co-scepticalreasoningproblems
canbe decidedby an NP guessingstepof an assumption
set,followedby theverificationthat theassumptionsetis
stable,which by Theorem1 canbe solved by a call to a
r4k oracle,followedin turn by theverificationthat thede-
sired sentenceis derivableor not derivable, respectively,
from thetheoryaugmentedby theguessedassumptionset,
which canbe solved by a call to a i -oracle. This means

that {}rB� � ��{�r k is anupperboundfor thecredulousand
co-scepticalreasoningproblemsunderthestabilityseman-
tics.

The resultsfor the admissibilitysemanticsin the general
casefollow by the samekind of argument. The entry for
credulousreasoningunder the preferability semanticsin
the generalcasefollows from Proposition3 andtheentry
for theadmissibilitysemanticsin thesametable.Theentry

for scepticalreasoningunderthepreferabilitysemanticsin
the generalcasefollows againby usinga guess& check
algorithmandTheorem1.

Theresultsfor normalframeworksarejustifiedasfollows.
Credulousreasoningundertheadmissibilityandpreferabil-
ity semanticscanbeshown to bein {}r k by usingtheguess
& check algorithmandapplyingProposition3 andCorol-
lary 2. Sincethe sameappliesfor co-scepticalreasoning
underthe preferabilitysemantics,membershipin ~�� - {}r k
follows. Finally, the upperboundfor scepticalreasoning
undertheadmissibilitysemanticsis thesameastheupper
boundfor thesameproblemin thegeneralcase.

Finally, the resultsfor simpleframeworks arethe general
resultswith theexceptionof scepticalreasoningunderthe
admissibilitysemanticswherethe upperboundis the one
givenby Proposition4.

As shown in Theorem5 andalreadyremarkedabove,scep-
tical reasoningunder the admissibility semanticscan be
sometimessimplerthanscepticalreasoningunderthesta-
bility semantics.However, in all suchcasesthe problem
reducesto deriving monotonicconclusionsfrom the the-
ory � alone,ignoringtheassumptionscompletely. In other
words, in thesecases,scepticalnonmonotonicreasoning
reducesto monotonicreasoningandis thustrivialised.

4 Simple,Normal Frameworks: Theorist
and Cir cumscription

Theframeworksfor TheoristandCircumscriptionarenor-
mal (see[Bondarenko et al., 1997]) andsimple, asshown
below.

Lemma 6 Theframeworksfor TheoristandCircumscrip-
tion aresimple.

Proof: Circumscriptionis a specialinstanceof Theorist.
Thus,weonly needto provethetheoremfor Theorist.

If thegivenTheoristtheory � is inconsistentthenthecor-
respondingframework admitsno admissibleargument,as
any closedassumptionsetattacksitself.

Assumethat � is consistent.Then,we only needto prove
that ' �v�g	N�"�
�NH/� attacksevery closedassumptionset
' @ which attacks' . Now, if '<��a , thenthereis no set
'F@ that attacks' . If 'GM��a , then 'A@ attacks' if f �¡%
'F@ is inconsistentand, as 'F@ is closed, 'F@$��� . Thus,
necessarily' attacks'F@ .

For both frameworks, the credulousandscepticalreason-
ing problemsreachthe respective minimal upperbounds
specifiedin Theorem5. Indeed,becauseof Proposition3

5



andthefactthattheframeworksarenormal,credulousrea-
soningundertheadmissibilityandpreferabilitysemantics
is identicalto credulousreasoningunderthestandard,sta-
bility semantics,leadingto theresultthatthecomplexity of
credulousreasoningunderall threesemanticsis identical.

Corollary 7 Credulousreasoningin TheoristandCircum-
scription underthe admissibilityand preferability seman-
tics is n�l � -complete.

Similarly, for normalframeworks,scepticalreasoningun-
derthepreferabilitysemanticsis identicalto scepticalrea-
soningunderthe stability semantics,from which the next
resultfollows immediately.

Corollary 8 Scepticalreasoningin TheoristandCircum-
scriptionunderthepreferability semanticsis

o l � -complete.

Finally, scepticalreasoningundertheadmissibilityseman-
tics is trivial as Theoristand Circumscriptionare simple
frameworksandthusscepticalreasoningreducesto classi-
cal derivability.

Corollary 9 Scepticalreasoningin TheoristandCircum-
scription under the admissibility semanticsis ~�� - {}r -
complete.

In otherwords,for TheoristandCircumscription,weeither
get thesameresultsunderthenew semanticsasunderthe
stabilitysemanticsor wegettrivial results.

5 GeneralFrameworks: Autoepistemic
Logic

AEL is neithernormalnor simple. In addition,it satisfies
no otherpropertythat might help to reducethe computa-
tional complexity that is suggestedby theupperboundre-
sultsin Section3. (In particular, AEL is not flat, see[Bon-
darenko et al., 1997;Dimopouloset al., 1999]). We prove
that theseupperboundsare tight for AEL. This implies
that,in AEL, evenundertheadmissibilitysemanticsscep-
tical reasoningis harderthanunderthestandardsemantics
– a phenomenonwe do not have with simple,normal,or
flat frameworks.

Theorem10 In AEL, credulousreasoningunder the ad-
missibilitysemanticsis n�l ¢ -completeandscepticalreason-
ing undertheadmissibilitysemanticsis

o l ¢ -complete.

Proof: Membershipfor credulousandscepticalreasoning
followsfrom Theorem5.

Hardnessfor credulousreasoningwill be proven by a
reduction from 3-QBF. Assumethe following quanti-
fiedbooleanformula:

� 3 u �£Z^Z_Z¤�¥3§¦h�S8 u �£Z^Z_Z¤��8^¨ � Y u �£Z^Z_Z¤�#Y m � �

with
�

a formulain 3CNFover thepropositionalvariables
3 u �^Z_Z^Z^�¥3§¦ , 8 u �^Z_Z^Z���8^¨ , Y u �^Z_Z^Z^�#Y m . We constructan AEL
theory � suchthatthegivenquantifiedbooleanformulais
trueiff aparticularsentence© is containedin someadmis-
sibleargumentof � .

The languageof � containsatoms3 u �£Z^Z^Z¤�"34¦ , 8 u �£Z^Z_Z¤��8^¨ ,
andY u �£Z^Z_Z¤�#Y m aswell asatoms6 u �¤Z_Z^Zª�#6�¦ , intuitivelyholding
if atruthvaluefor thevariables3 u �£Z^Z^Z£�"34¦ , hasbeenchosen.
Finally, thereis an atom « that is usedto inhibit that any
admissibleargumentcanchoosetruth valuesfor the 8¬ . �
consistsof thefollowing sentences:

1 : 143§®¯U 34®±°V6�®7�
1 : 3§®¯U 1434®§°�6�®7�

1 : 1 � �
1 : 128 ¬ U 8 ¬ °?«�°E1 : «²�
1 : 8 ¬ U 128 ¬ °?«�°E1 : «²�

for each³2�v�´�£Z^Z_Zª�#µ , ¶A�v�´�£Z^Z_Zª�7· .

Weprovethatthereexistsanadmissibleextensioncontain-
ing ©|�¡¸¹6�® if f the3-QBF formulais true.

Let usconsiderthecasethattheabove � hasanadmissible
extension �
	���f%.')� containing ¸ 6�® . This implies that
for each3§® either 1 : 143§® or 1 : 34® is partof theassumption
set ' . Further 1 : 1 � mustbepartof ' in orderfor ' to
beclosed.Noneof theassumptions1 : 128^® or 1 : 8_® canbe
partof ' , however, asotherwise' wouldattackitself.

Let 'Aº be an assumptionsetattackingthe admissible'
above,andassumethat ' º attacks1 : 1 � in ' . Then ' º
togetherwith thetheory� wouldallow for thederivationof
1 � . If 'Aº makeschoicesfor the3 ® in conflictwith theones
madeby ' , then ' automaticallyattacks'Aº . If 'Aº makes
thesamechoicesfor the 3§® as ' , then '$º mustincludeas-
sumptionsfrom theset �\1 : 128 ¬ ��1 : 8 ¬ � ¬#» u¼`½`½`½ ¼ ¨ . However,
no suchassumptioncanbecounter-attacked,asotherwise
' wouldbeself-attackingandthusnon-admissible.There-
fore, for thegivenchoiceson the 34® 's in ' , no choicesfor
the 8 ¬ 's exist that make 1 � true. In otherwords, for the
given choiceof the 3§® 's in ' , and for all choicesof the
truthvaluesfor the 8 ¬ 's, thereexistsanassignmentof truth
valuesto the Y^� 's thatmake

�
true,which implies that the

3-QBF formulamustbetrue.

Conversely, if thereis no admissibleextensioncontaining
¸¹6 ® , regardlessof our choicesfor the 3 ® 's, thereis always
an attack on 1 : 1 � , which by the argumentspresented
above impliesthatthe3-QBF formulacannotbetrue.

Hence,this is a log-spacereductionfrom 3-QBF to credu-
lous reasoningunderthe admissibilitysemanticsin AEL,
whichprovesthefirst claim in thetheorem.

In orderto prove thesecondclaim,we considerthetheory
�0@±�f�X%�� : ¸ ® 6�®¾� , where� is thetheoryconstructedfrom

6



�
. Any admissibleset ' must containthe assumptions
1 : 1 � and

: ¸ ® 6�® in order for ' to be closed. Further-
more,any admissibleextensionof �0@ mustcontain ¸ ® 6�®
becauseotherwiseit is attackedby 1 : ¸ ® 6�® without hav-
ing a counter-attack.Fromthis factandtheaboveobserva-
tions it follows that �0@ hasanadmissibleextensioniff the
3-QBF formula is true. Given that if no admissibleexten-
sion exists all co-scepticalquerieswill be answeredneg-
atively, the above is equivalent to the fact that 1 ¸ ® 6�® is
not a scepticalconsequenceof �
@ if f the 3-QBF formula
is true, i.e., theconstructionis a log-spacereductionfrom
3-QBF to co-scepticalreasoningundertheadmissibilityse-
mantics.Fromthatandtheupperboundin Theorem5, the
secondclaim follows.

Applying Proposition3, wegetthefollowing corollary.

Corollary 11 Credulous reasoning in AEL under the
preferability semanticsis n�l ¢ -complete.

Scepticalreasoningunder the preferability semanticsis
even harder, sincefor eachcandidatepreferredargument
we have to verify that noneof its supersetsis admissible,
resultingin a reasoningproblemon the fourth level of the
polynomialhierarchy.

Theorem12 Scepticalreasoningin AELundertheprefer-
ability semanticsis

o l ¿ -complete.

Proof: Membershipfollowsfrom Theorem5.

Hardnesswill beprovenby reducing4-QBF to co-sceptical
reasoning.Assumethe following quantifiedbooleanfor-
mula:

� 3 u �£Z^Z_Z¤�¥3 ¦ �x8 u �£Z^Z_Z¤��8 ¨ � Y u �¤Z_Z^Z£�7Y m �S« u �£Z^Z^Z£��«\À � �
with

�
a formula in 3CNF over the propositionalvari-

ables 3 u �^Z^Z_Z��"3 ¦ , 8 u �_Z^Z_Z^�#8 ¨ , Y u �^Z_Z^Z��#Y m , and « u �^Z_Z^Z_��«_� .
We constructan AEL theory � suchthat the given quan-
tified booleanformulais true iff a particularsentence© is
notcontainedin somepreferredargumentof � .

The languageof � containsatoms3 u �£Z^Z^Z¤�"34¦ , 8 u �£Z^Z_Z¤��8^¨ ,
Y u �£Z^Z^Z£�7Y m and « u �¤Z_Z^Z£��« À as well as atoms 6 u �¤Z_Z^Z£�76�¨ , the
latter intuitively holding if a truth valuefor the variables
8 u �¤Z_Z^Z£�#8_¨ hasbeenchosen.Finally, wehaveatomsÁ , used
to block thetruthassignmentto the 8 ¬ , and Â , usedto pro-
hibit any choicesonassumptions�[1 : 15Y\ÃÄ�1 : Y�Ã±� .
� consistsof thefollowing sentences:

1 : 143§®ÅU 34®��
1 : 3§®ÅU 1434®��

1 : 128 ¬ °V1 : Á U 8 ¬ °V6 ¬ �
1 : 8 ¬ °V1 : Á U 128 ¬ °V6 ¬ �

1 : 6 ¬ U Á4�
1 : 15Y\Ã U Y\Ã0°�ÂD°E1 : Â��

1 : Y Ã U 15Y Ã °VÂD°E1 : Â��� U Á4�

for each³2�v�´�£Z^Z_Zª�#µ , ¶A�v�´�£Z^Z_Zª�7· , 	V�Æ�´�£Z^Z_Z¤�� .
We prove that thereexists a preferredextensionnot con-
taining ©|� ¸ 6 ® if f the4-QBF formulais true.

Let us constructonesuchpreferredextension.First, note
thatany assumptionsetcontainingnon-conflictingassump-
tionsfrom theset �\1 : 143§®#��1 : 3§®¾� is anadmissibleset.Let
' bea maximalsuchset.

Secondly, theset ' cannotbeexpandedusingassumptions
from �\1 : 15Y\ÃÄ�1 : Y\Ã9� , becausetheseassumptionsleadto
animmediateself-attack.

Thirdly, it is obvious that ' can be expanded(in a non-
trivial way) only by addingthe assumption1 : Á and as-
sumptionsfrom the set �[1 : 128t¬´��1 : 8t¬Ç� . Let us call this
expandedset 'F@ . Sucha set 'F@ is only admissibleif we
make choicesfor all 8¬ 's becauseotherwise' @ canbeat-
tackedby some �\1 : 6 ¬ � (using 1 : 6 ¬ U*Á ) and 'A@ cannot
counter-attacksuchan attack. Moreover, sucha set 'F@ is
only admissibleif everyattackagainst1 : Á canbecounter-
attacked by 'F@ . The only attack 'Aº against1 : Á which
cannotbecounter-attackedby 'F@ would consistsof all as-
sumptionsin 'A@ and assumptionsfrom �\1 : 15Y�Ã±��1 : Y�ÃÄ�
suchthat

�
is true. Thus,assumingthat 'F@ is admissible

meansthatno such ' º exists, i.e. for all possiblechoices
for the Y Ã 's,

�
is not derivable,i.e., thereis alwaysa truth

assignmentto the « m 's that make 1 � true. This means
that ' cannotbe expandedto 'A@ by assumptionsfrom
�\1 : 128¬´�1 : 8¬Ç� andby 1 : Á if, underthetruthassignment
to the 3 ® 's correspondingto theassumptionsin ' , andfor
all truthassignmentsto the 8 ¬ 's, thereexistsa truthassign-
mentto the Y�Ã 's thatmakes

�
true. In otherwords,if there

existsapreferredassumptionset ' @ suchthat �
	���c%?' @ �
doesnotcontaiņ 6 ¬ , thenthegiven4-QBF formulais true.

Conversely, let us assumethe 4-QBF formula is true. Let
' be an assumptionsetcontainingthe assumptionsfrom
�\1 : 143§®7��1 : 34®¾� correspondingto a truthassignmentto the
3§® 's rendering�S8 u �£Z^Z_Z¤��8^¨ � Y u �£Z^Z^Z£�7Y m �S« u �£Z^Z_Z¤�« À � true. '
is admissible. Moreover, any extension 'F@ of ' by as-
sumptionsfrom �\1 : 128¬Ç��1 : 8¬Ç� togetherwith 1 : Á would
not be admissible. Indeed, for any such 'F@ there ex-
ists a value assignmentto the Y Ã 's which makes

�
true,

correspondingto an assumptionset with choices from
�\1 : 15Y�Ã±��1 : Y�ÃÄ� which, togetherwith 'F@ , would attack
'F@ without beingcounter-attackedby 'A@ . For this reason,
thereexistsa preferredextensionnot containingboth 1 : Á
andchoicesfrom �[1 : 128 ¬ �1 : 8 ¬ � , andhencethispreferred
extensiondoesnotcontain ¸ 6 ¬ .
Hence, this is a log-spacereductionfrom 4-QBF to co-
scepticalreasoningunder the preferability semanticsin

7



AEL, whichprovestheclaim.

6 Conclusionand Discussion

We have analysedthe computationalcomplexity of cred-
ulousandscepticalreasoningunderthe admissibilityand
preferability semanticsfor (the propositionalvariant of)
the nonmonotonicframeworks of Theorist,Circumscrip-
tion andAutoepistemicLogic. Table1 summarisesthere-
sults.

Table1: Complexity results

Framework Property Admissibility Preferability
cred. scept. cred. scept.

Theorist simple& ÈNÉ Ê co-NP ÈNÉ Ê ËÌÉ Ê
Circum. normal ÈNÉ Ê co-NP ÈNÉ Ê ËÌÉ Ê
AEL general È É Í Ë É Í È É Í Ë É Î

Theseresultsimply that,for thesimpleandnormal frame-
worksof TheoristandCircumscription,credulousreason-
ing is ashardunderthe new semanticsas it is underthe
standard,stability semantics2, whereasscepticalreason-
ing is simpler under the new semanticsthan it is under
thestandardsemantics,but it is a trivial form of nonmono-
tonicreasoningasit amountsto reasoningin classicallogic,
themonotoniclogic underlyingbothTheoristandCircum-
scription. Moreover, for the “general” framework of Au-
toepistemiclogic, reasoningunder the new semanticsis
considerablyharderthanunderthe standardsemantics,as
credulousreasoningunderboth new semanticsis located
one level higher in the polynomialhierarchythan credu-
lousreasoningunderthestandardsemantics,andsceptical
reasoningundertheadmissibilityandpreferabilityseman-
tics is locatedone and two level higher (respectively) in
thepolynomialhierarchythanscepticalreasoningunderthe
standardsemantics.

Theseresultssuggestthat neitherof the new semanticsis
appropriatefor reasoningin generalframeworks, that the
admissibilitysemanticsis notappropriatefor scepticalrea-
soningin simpleandnormal frameworks, andthat, in all
other cases,no gain is obtainedby reasoningunder the
new semanticswith respectto reasoningunderthestandard
semantics.Theseconclusionsconfirm thosedrawn from
earlierresultsfor logic programminganddefault logic in
[Eiteretal., 1998;Dimopoulosetal., 1999].

Theseresultsseemto contradictthe expectation,put for-
wardsin [Bondarenko etal., 1997;Dungetal., 1997], that
thenew, argumentation-theoreticsemanticsleadto compu-
tationallylessinvolvednonmonotonicreasoningprocesses

2SeeSection3 for a summaryof the resultsfor the standard
semantics.

than the standardsemantics.However, they do not con-
tradict theexpectationthat in practicecredulousreasoning
undertheadmissibilitysemanticsis ofteneasierthancred-
ulousreasoningunderthestability semantics,especiallyif
theframeworksemployedareflat (e.g. logic programming
anddefault logic). Indeed,[Kowalski andToni, 1996] en-
visagespracticaland legal reasoningapplicationsfor the
argumentation-theoreticsemantics,where credulousrea-
soningundertheadmissibilitysemanticsin flat frameworks
is well-suited,asunilateralargumentsareput forwardsand
defendedagainstall counterarguments,in acredulousman-
ner.

Futurework includeidentifying,by meansof empiricalin-
vestigations,thepracticalimpactof thecomplexity results
provenin thispaperaswell asin [Dimopoulosetal., 1999]
for theenvisagedapplicationsof thesemanticshereinves-
tigated.
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