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Abstract. The recent approaches of extending the graphplan algo-

rithm to handle more expressive planning formalisms raise the question

of what the formal meaning of \expressive power" is. We formalize the

intuition that expressive power is a measure of how concisely planning

domains and plans can be expressed in a particular formalism by in-

troducing the notion of \compilation schemes" between planning for-

malisms. Using this notion, we analyze the expressive power of a large

family of propositional planning formalisms and show, e.g., that Gazen

and Knoblock's approach to compiling conditional e�ects away is opti-

mal.

1 Introduction

The recent approaches of extending the graphplan algorithm [3] to handle more

expressive planning formalisms [1,9,10,12] raise the question of what the formal

meaning of expressive power is. In order to address the problem of measuring

the relative expressive power of planning formalisms, we start with the intuition

that a formalism X is at least as expressive as another formalism Y if planning

domains and the corresponding plans in formalism Y can be concisely expressed

in the formalism X .

B�ackstr�om [2] proposed to measure the expressiveness of planning for-

malisms using ESP-reductions, which are, roughly speaking, polynomial many-

one reductions

1

on planning instances that do not change the plan length. Using

this notion, he showed that all of the propositional variants of basic strips not

containing conditional e�ects or arbitrary logical formulae can be considered as

expressively equivalent. However, taking our point of view, on one hand ESP-

reductions are too restrictive. Firstly, plans must have identical size, while we

might want to allow a moderate growth. Secondly, requiring that the transfor-

mation can be computed in polynomial time is overly restrictive. In fact, one

1

We assume that the reader has a basic knowledge of complexity theory [8,16], and

is familiar with the notion of polynomial many-one reductions and the complexity

classes P, NP, coNP, and PSPACE. All other notions will be introduced in the paper

when needed.



formalism might be as expressive as another one, but the mapping between the

formalisms might not recursive at all. On the other hand, ESP-reductions are

too liberal because they allow for arbitrary transformations between planning

instances. We, however, want to consider only transformations between plan-

ning domains, which are independent from the concrete initial state and goal

speci�cation.

Inspired by recent approaches in the area of knowledge compilation [5], we

formalize the notion of concisely expressible using compilation schemes, which

are solution-preserving mappings from planning domains in one formalism to

planning domains in another formalism restricting the result to be of polynomial

size. Furthermore, we distinguish between compilation schemes in whether they

preserve plan size exactly, linearly, or polynomially.

Using the notion of compilability, we analyze a wide range of propositional

planning formalisms, ranging from basic strips to a planning formalism contain-

ing conditional e�ects, arbitrary logical formulae, and partial state speci�cations.

As one of the results, we identify two equivalence classes of planning formalisms

with respect to polynomial-time compilability preserving plan size exactly. This

means that adding a language feature to a formalism without leaving the class

does not increase the expressive power and should not a�ect the principal e�-

ciency of the planning method. However, we also provide results that separate

planning formalisms. Such separation results indicate that adding a particular

language feature adds to the expressive power and to the di�culty of �nding a

plan. For example, we prove that conditional e�ects cannot be compiled away

and that logical formulae cannot be compiled into conditional e�ects|provided

the plans in the target formalism are allowed to grow only linearly. This answers,

e.g., the question of whether Gazen and Knoblock's [9] approach to compile con-

ditional e�ects away could be improved. If only linear plan growth is allowed,

the size of the compiled domain structure is necessarily super-polynomial.

The rest of the paper is structured as follows. In Section 2, we introduce the

range of propositional planning formalisms analyzed in this paper together with

general terminology and de�nitions. Based on that, we introduce in Section 3

the notion of compilability between planning formalisms. In Section 4 we present

polynomial-time compilation schemes between di�erent formalisms that preserve

the plan size, demonstrating that these formalisms are of identical expressiveness.

For all of the remaining cases, we prove in Section 5 that there cannot be any

compilation scheme preserving plan size linearly, even if there are no bounds on

the computational resources of the compilation process. Finally, in Section 6 we

summarize and discuss the results.

2 Propositional Planning Formalisms

First, we will de�ne a very general propositional planning formalism, which

appears to be as expressive as the propositional variant of adl [17]. We will

then consider various syntacticly restricted variants of this formalism.



Let � be a �nite set of propositional atoms. Then,

b

� is de�ned to be the

set consisting of the constants > (denoting truth) and ? (denoting falsity) as

well as the literals, i.e., atoms and negated atoms, over �. The language of

propositional logic over� is denoted by L

�

. Given a set of literals L, we de�ne

:L to be the element-wise negation of L, i.e., :L = fpj:p 2 Lg[f:pjp 2 Lg.

A state s is a truth-assignment for the atoms in �, which is represented by

the set of atoms that are true in this state. A state speci�cation S is a subset

of

b

�, i.e., it is a logical theory consisting of literals only. It is called consistent i�

it does not contain complementary literals or ?. In general, a state speci�cation

describes many states, namely all those that satisfy S. Only in case that S is

complete, i.e., for each p 2 � we have either p 2 S or :p 2 S, S describes

precisely one state. By abusing notation, we will refer to the inconsistent state

speci�cation by ?, which is the \illegal" state speci�cation.

Operators are pairs o = hpre; posti. We use the notation pre(o) and post(o)

to refer to the �rst and second part of an operator o, respectively. The precon-

dition pre is a set of propositional formulae. The set post, which is the set of

postconditions, consists of conditional e�ects, each having the form � ) L,

where the elements of � � L

�

are called e�ect conditions and the elements

of L �

b

� are called e�ects. Given a state speci�cation S and an operator o, we

de�ne the set of active e�ects A(S; post(o)) and the set of potentially active

e�ects P(S; post(o)) as follows:

A(S; post(o)) =

[

fL j (� ) L) 2 post(o); S j= �g;

P(S; post(o)) =

[

fL j (� ) L) 2 post(o); S [ � 6j= ?g:

If for a given state speci�cation S and an operator o, we have A(S; post(o)) 6=

P(S; post(o)), this implies that the activated e�ects di�er for di�erent states

described by the state speci�cation. For this reason, we consider the applica-

tion of the operator o as illegal in this situation.

2

Similarly to the rule that

A(S; post(o)) 6= P(S; post(o)) leads to an illegal state speci�cation, we require

that if the precondition is not entailed by S or if the state speci�cation is al-

ready inconsistent, the result of applying o to S results in ?. This leads to the

de�nition of the operator-result function R for operator o on the state speci�ca-

tion S:

R(S; o)=

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

S � :A(S; post(o)) [A(S; post(o))if S 6j= ? and

S j= pre(o) and

A(S; post(o)) 6j= ? and

A(S; post(o))=P(S; post(o))

?
otherwise

A planning instance is now a tuple � = h�; I;Gi, where

{ � = h�;Oi is the domain structure consisting of a �nite set of proposi-

tional atoms � and a �nite set of operators O,

2

Of course, alternative semantics are possible.



{ I �

b

� is the initial state speci�cation, and

{ G �

b

� is the goal speci�cation.

When we talk about the size of an instance, symbolically jj� jj, in the follow-

ing, we mean the size of a (reasonable) encoding of the instance.

Let � be an element of O

?

, i.e., a �nite sequence of operators, which is called

plan. Then jj�jj denotes the size of the plan, i.e., the number of operators in

�. We say that � is a c-step plan if jj�jj � c. The result of applying � to a

state speci�cation S is recursively de�ned as follows:

Res(S; hi) = S;

Res(S; ho

1

; o

2

; : : : ; o

n

i) = Res(R(S; o

1

); ho

2

; : : : ; o

n

i):

A sequence of operators � is said to be a plan for � or a solution of � i� (1)

Res(I; �) 6j= ? and (2) Res(I; �) j= G. Note that it can be easily veri�ed [14]

that any plan � for an instance � is a sound plan in Lifschitz' [13] sense.

The propositional variant of basic strips [6], which we will also call S in

what follows, is a planning formalism that requires complete state speci�cations,

unconditional e�ects, and propositional atoms as formulae. Less restrictive plan-

ning formalisms can have the following additional features:

Incomplete state speci�cations (I): The state speci�cations may not be

complete.

Conditional E�ects (C): E�ects can be conditional.

Literals as formulae (L): The formulae in preconditions and e�ect conditions

can be literals.

Boolean formulae (B): The formulae in preconditions and e�ect conditions

can be arbitrary boolean formulae.

These extensions can also be combined. We will use combinations of letters to

refer to such multiple extensions. For instance, S

L

refers to the formalism S

extended by literals in the precondition lists, S

IC

refers to the formalism allow-

ing for incomplete state speci�cations and conditional e�ects, but all formulae

have to be atoms, and S

BIC

, �nally, refers to the general planning formalism

introduced above. Figure 1 displays the partial order on propositional planning

formalisms de�ned in this way using a Hasse diagram. In the sequel we say that

X is a specialization of Y , written X v Y , i� X is identical to Y or below Y

in the Hasse diagram.

Comparing this set of planning formalisms with the one B�ackstr�om [2] ana-

lyzed, one notices that despite small di�erences in the presentation of the plan-

ning formalisms S, S

L

, and S

LI

are identical to cps, psn, and gt, respectively.

While one would expect that planning in S is much easier than planning in

S

BIC

, it turns out that|taking a computational complexity perspective|this

is not the case. When analyzing the computational complexity of planning in

di�erent formalisms, we consider as usual the problem of deciding whether there

exists a plan for a given instance|the plan existence problem (planex). We

will use a pre�x referring to the planning formalism if we consider the existence

problem in a particular planning formalism.



S

BIC

S

BC

S

LC

S

LI

S

B

S

IC

S

C

S

I

S

L

S

LIC

S

BI

S

Fig. 1. Planning formalisms partially ordered by syntactic features

Theorem 1. X -planex is PSPACE-complete for all X with S v X v S

BIC

.

Proof Sketch. PSPACE-hardness of S-planex follows from [4, Corollary 3.2].

Membership of S

BIC

-planex in PSPACE follows because each plan step can be

veri�ed by an NP-oracle, i.e., in PSPACE.

3

While this result may be interpreted as showing that we can easily solve the

S

BIC

planning problem by transforming it to S, it does not say anything about

how easily we can transform domain structures and how long plans will be after

the transformation.

3 Compilation Schemes

Basically, compilation schemes are solution-preserving mappings (which need not

to be recursive) on domain structures.

4

Since in these mappings auxiliary atoms

might be introduced, the compilation scheme may also in
uence the initial state

and goal speci�cations. Furthermore, the initial state and goal speci�cations may

also need some massaging, e.g., when compiling from partial to complete state

speci�cations. The necessary state-translation functions should be very limited

in computational power, however, so that they do not in
uence the principal

expressive power.

A compilation scheme from X to Y is a tuple of functions f =

hf

�

; f

i

; f

g

; t

i

; t

g

i that induces a function F from X -instances � = h�; I;Gi to

Y-instances F (�) as follows:

F (�) =




f

�

(�); f

i

(�) [ t

i

(�; I); f

g

(�) [ t

g

(�;G)

�

;

and satis�es the following conditions:

3

Full proofs for all theorems can be found in the long version of the paper [14].

4

This means that compilation schemes between planning formalisms are similar to

knowledge compilation schemes [5], where the �xed part of a computational problem

is the domain structure and the variable part consists of the initial state and goal

speci�cations.



1. there exists a plan for � i� there exists a plan for F (�);

2. the state-translation functions t

i

and t

g

are modular, i.e., for � =

�

1

[�

2

, S �

b

�, and S 6j= ?, the functions t

x

(for x = i; g) satisfy

t

x

(�;S) = t

x

(�

1

; S \

c

�

1

) [ t

x

(�

2

; S \

c

�

2

);

and they are polynomial-time computable;

3. the size of the results of f

�

; f

i

, and f

g

is polynomial in the size of the argu-

ments.

Although there are no resource bounds on f

�

; f

i

, and f

g

in the general

case, we are also interested in e�cient compilation schemes. We say that f is a

polynomial-time compilation scheme if f

�

; f

i

, and f

g

are polynomial-time

computable functions.

In addition to that we measure the size of the corresponding plans in the

target formalism. If a compilation scheme f has the property that for every

plan � solving an instance � there exists a plan �

0

solving F (�) such that

jj�

0

jj � jj�jj + k for some positive integer constant k, f is a compilation

scheme preserving plan size exactly (modulo some additive constant). If

jj�

0

jj � c� jj�jj+ k for positive integer constants c and k, then f is a compila-

tion scheme preserving plan size linearly, and if jj�

0

jj � p(jj�jj; jj� jj) for

some polynomial p, then f is a compilation scheme preserving plan size

polynomially. More generally, we say that a planning formalism X is com-

pilable to formalism Y (in poly. time, preserving plan size exactly, linearly, or

polynomially), if there exists a compilation scheme with the appropriate proper-

ties. We write X �

x

Y in case X is compilable to Y or X �

x

p

Y if the compilation

can be done in polynomial time. The super-script x can be 1, c, or p depending

on whether the scheme is exactly, linearly, or polynomially plan size preserving,

respectively. As is easy to see, all the notions of compilability introduced above

are re
exive and transitive.

Proposition 2. The relations �

x

and �

x

p

are transitive and re
exive.

Furthermore, it is obvious that when moving upwards in the diagram dis-

played in Figure 1, there is always a polynomial-time compilation scheme pre-

serving plan size exactly. If �

i

denotes the projection to the i-th argument and ;

denotes the function that returns always the empty set, the generic compilation

scheme for moving upwards in the partial order is f = h�

1

; ;; ;; �

2

; �

2

i.

Proposition 3. If X v Y, then X �

1

p

Y.

4 Compilability Preserving Plan Size Exactly

Proposition 3 leads to the question of whether there exist other compilation

schemes than those implied by the specialization relation.

First, we will establish that S

LI

, S

L

, S

I

, and S are polynomial-time com-

pilable into each other preserving plan size exactly. Having a closer look at



B�ackstr�om's [2] equivalence proof for S

LI

and S using an ESP-reduction, it

turns out that the ESP-reduction he speci�ed can be reformulated as a compi-

lation scheme. From that the next theorem is immediate.

Theorem 4. S

LI

, S

I

, S

L

, and S are polynomial-time compilable to each other

preserving plan size exactly.

One view on this result is that it does not matter from an expressivity point of

view whether we allow for atoms only or permit also negative atoms and it does

not matter whether we have complete or partial state speci�cation|provided

propositional formulae and conditional e�ects are not allowed. Interestingly, this

view generalizes to the case where conditional e�ects are allowed.

In proving that, there are two additional complications. Firstly, one must

compile conditional e�ects over partial state speci�cations to conditional ef-

fects over complete state speci�cations. This is a problem because the condition

A(S; post(o)) = P(S; post(o)) in the de�nition of the function R must be tested.

Secondly, when compiling a formalism with literals into a formalism that allows

for atoms only, the condition A(S; post(o)) 6j= ? in the de�nition of R must

be taken care of. Nevertheless, it is possible to solve these problems using a

polynomial-time compilation preserving plan size exactly.

Theorem 5. S

LIC

, S

LC

, S

IC

, and S

C

are polynomial-time compilable to each

other preserving plan size exactly.

A summary of the results in this section is given in Figure 2. The two equiv-

alence classes with respect to polynomial-time compilability preserving plan size

exactly will be called S

LI

- and S

LIC

-class, in symbols [S

LI

] and [S

LIC

], naming

them after their respective largest elements.

S

BIC

S

BC

S

LC

S

B

S

IC

S

C

S

I

S

LIC

S

BI

S

LI

S

L

S

Fig. 2. Equivalence classes of planning formalisms created by polynomial-time compi-

lation schemes preserving plan size exactly



5 The Limits of Compilation when Preserving Plan Size

Linearly

In this section, we will show that there are no compilation schemes preserving

plan size linearly other than those identi�ed above and those implied by the

specialization relation. First of all, we will prove that conditional e�ects cannot

be compiled away . The deeper reason for this is that with conditional e�ects

one can independently do a number of things in parallel, which is impossible in

formalisms without conditional e�ects.

In order to illustrate this point, let us consider an example. We start with

a set of n propositional atoms �

n

= fp

1

; : : : ; p

n

g and a disjoint copy of this

set: �

#

n

= fp

#

i

j p

i

2 �

n

g. Furthermore, if S �

c

�

n

, then S

#

shall denote the

corresponding set of literals over

d

�

#

n

. Consider now the following S

LIC

domain

structure:

�

2n

= �

n

[�

#

n

;

O

2n

=

�

h>; fp

i

) p

#

i

;:p

i

) :p

#

i

j p

i

2 �

n

gi

�

;

�

2n

= h�

2n

; O

2n

i:

From the construction it follows that for all pairs (I;G) such that I is a consistent

and complete set over

c

�

n

and G � I

#

, the instance � = h�

2n

; I;Gi has a one-

step plan. Conversely, for all pairs (I;G) with G \

d

�

#

6� I

#

, there does not

exist a solution. Constructing polynomially-sized S

BI

domain structures with

the same property turns out to be impossible, even if we allow for c-step plans.

Theorem 6. S

LIC

6�

c

S

BI

.

Proof Sketch. Assume for contradiction that there exists a compilation scheme

that compiles �

2n

to a S

BI

structure �

0

2n

. Since there are only polynomially

many c-step plans, for a large enough n one plan� must be used for two di�erent

initial states in the target formalism. Since � is an unconditional plan, it adds

and deletes the same atoms regardless of the initial state. One can then show

that all goal atoms not added by � must be already present in both initial states,

from which one concludes that identical goal states are produced, which means

that f is not solution-preserving and, hence, not a compilation scheme, which is

the desired contradiction.

Next, we show that general formulae cannot be compiled to conditional e�ects

by making use of results from circuit complexity. Assume that the atoms in �

n

are numbered from 1 to n. Then a word w consisting of n bits could be encoded

by the set of literals

I

w

= fp

i

j if the ith bit of w is 1g [

f:p

i

j if the ith bit of w is 0g:



We now say that the n-bit word w is accepted with a one-step or c-step

plan by h�

n

[ fgg;O

n

i i� there exists a one-step or c-step plan, respectively,

for the instance �

w

= hh�

n

[ fgg;O

n

i; I

w

[ f:gg; fggi.

A uniform polynomially-sized family of domain structures is an in�-

nite sequence � = (�

0

; �

1

; : : :), such that j�

i

j = i and the �

i

's can be generated

by a log i-space Turing machine. The language accepted by such a family with

one-step (or c-step) plans is the set of words accepted using the domain structure

�

i

for words of length i. Papadimitriou [16, p. 386] has pointed out that the class

of languages accepted by uniform polynomially-sized boolean expressions is iden-

tical to the class of languages accepted by uniform polynomially-sized boolean

circuits with logarithmic depth|the class NC

1

. From that the next proposition

follows immediately.

Proposition 7. The class of languages accepted by uniform families of S

B

do-

main structures using one-step plan acceptance is identical to NC

1

.

Theorem 8. S

B

6�

c

[S

LIC

].

Proof Sketch. S

LC

-plans with �xed goals and varying initial states can be

represented by circuits with unbounded fan-in and constant depth, i.e., by AC

0

-

circuits. This means that c-step acceptance for families of polynomially-sized S

LC

structures is in AC

0

. Assuming now that there exists a compilation scheme leads

to the conclusion that non-uniform AC

0

� NC

1

, which is impossible because of

a result by Furst et al. [7], who showed that some languages in NC

1

are not in

non-uniform AC

0

.

Finally, we show that general formulae together with partial state speci�ca-

tions cannot be compiled away, even if the plans grow polynomially. Let the

one-step plan existence problem (1-planex) be the planex problem re-

stricted to plans of size of 1. From the de�nition of the function R it is evident

that S

BIC

-1-planex and S

BI

-1-planex are coNP-hard. Let p be some �xed

polynomial, then the polynomial step plan-existence problem (p-planex)

is the planex problem restricted to plans that have length bounded by p(n),

if n is the size of the planning instance. As is easy to see, this problem is in

NP for all formalisms except S

BIC

and S

BI

. Based on these observations and

using a proof technique introduced by Kautz and Selman [11], we can prove

the next result, which depends on the assumption that the polynomial hierarchy

does not collapse. This assumption is stronger than P 6= NP, but is nevertheless

commonly believed to be true.

Theorem 9. S

BI

6�

p

S

BC

unless the polynomial hierarchy collapses.

Proof Sketch. First, we construct a family of S

BI

structures such that for each

formula ' of size n an initial state I

'

can be constructed such that h�

n

; I

'

; fggi

has a one-step plan i� ' is unsatis�able.

Given a set of n atoms, denoted by P

n

, we de�ne the set of clauses A

n

to

be the set containing all clauses with three literals that can be built using these



atoms. The size of A

n

is O(n

3

), i.e., polynomial in n. Let D

n

be a set of new

atoms p

fl

1

;l

2

;l

3

g

corresponding one-to-one to the clauses in A

n

. Furthermore, let

�

n

=

^

�

(l

1

_ l

2

_ l

3

_ p

fl

1

;l

2

;l

3

g

) j fl

1

; l

2

; l

3

g 2 A

n

�

:

We now construct the family of S

BI

domain structures as follows:

�

n

= P

n

[D

n

[ fgg;

O

n

= fhf:�

n

g; f> ) ggig:

Let C be a function that determines for all 3CNF formulae ', which atoms inD

n

correspond to the clauses in the formula , i.e.,C(') = fp

fl

1

;l

2

;l

3

g

jfl

1

; l

2

; l

3

g 2 'g.

Now, the initial state for any particular formula ' of size n can be computed by

I

'

= :C(') [ (D

n

�C(')) [ f:gg. From the construction, it follows that there

exists a one-step plan for h�

n

;O

n

; I

'

; fggi i� ' is unsatis�able.

Let us now assume that there exists a compilation scheme f from S

BI

to

S

BC

preserving plan size polynomially. From that we can construct an nonde-

terministic, advice-taking Turing machine with polynomial advice that decides

unsatis�ability of a 3CNF formula in polynomial time (because S

BC

-p-planex

is in NP). This means that we can decide a coNP-complete problem on a nonde-

terministic, polynomial advice-taking Turing machine in polynomial time. From

that it follows that coNP � NP=poly, which implies that the polynomial hierar-

chy collapses [19].

A summary of the results of this section is given in Table 1. The symbol v
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Table 1. Separation Results

means that there exists a compilation scheme because the �rst formalism is a

specialization of the second one. In all the other cases, we specify the separation

and give the theorem number from which this result can be deduced, perhaps

by applying Prop. 2 and 3. As can be seen, we have shown that for all pairs

of formalisms for which we have not identi�ed a polynomial-time compilation

scheme preserving plan size exactly, a compilation scheme is impossible even if

we allow for linear growth of the plan and unbounded computational resources.

There is of course the question whether compilation schemes preserving plan

size polynomially are possible. In the long version of the paper [14] we show



that between all pairs of formalisms for which such compilation schemes have

not been ruled out, polynomial-time compilation schemes preserving plan size

polynomially do exist.

6 Summary and Discussion

Motivated by the recent approaches to extend the graphplan algorithm [3] to

deal with more expressive planning formalisms, we asked what the term expres-

sive power could mean in this context. One reasonable intuition seems to be

that the term expressive power refers to how concisely domain structures and

the corresponding plans can be expressed. Based on this intuition and inspired

by recent work in the area of knowledge compilation [5], we introduced the no-

tion of compilability in order to measure the relative expressiveness of planning

formalisms.

Using this framework, we analyzed a large range of propositional planning

formalisms. The most surprising result of this analysis is that we are able to

come up with a complete classi�cation. For each pair of formalisms, we were

either able to construct a polynomial-time compilation scheme with the required

size bound on the resulting plans or we could prove that such a compilation

scheme is impossible|even if the computational resources for the compilation

process are unbounded. In particular, we showed for the formalisms considered in

this paper that incomplete state speci�cations and literals in preconditions can

be compiled to basic strips preserving plan size exactly, and that incomplete

state speci�cations and literals in preconditions and e�ect conditions can be

compiled away preserving plan size exactly, if we have already conditional e�ects.

Moreover, we showed that there are no other compilation schemes preserving

plan size linearly except those implied by the specialization relationship and

those described above.

These results imply that Gazen and Knoblock's [9] approach to compiling

conditional are optimal and demonstrate that adding general formulae and in-

complete state speci�cations on top of that will increase expressive power|and

the di�culty of �nding a plan|even more.

One question one may ask is what happens if we consider formalisms with

propositional formulae that are syntactically restricted, e.g. CNF or DNF for-

mulae. However, we did not include an investigation of such formalisms in our

analysis in order to keep it manageable (but see [15]). Another question might

be whether non-modular state-translation functions could lead to more powerful

compilation schemes. While this seems unlikely, it is, nevertheless, an interesting

theoretical question.
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