Combining Topological and Qualitative Size Constraints for Spatial Reasoning

Alfonso Gerevini^1 and Jochen Renz^2

1 Dipartimento di Elettronica per l’Automazione, Università di Brescia Via Branze 38, 25123 Brescia, Italy

gerevini@bsing.ing.unibs.it

2 Institut für Informatik, Albert-Ludwigs-Universität Am Flughafen 17, 79110 Freiburg, Germany

renz@informatik.uni-freiburg.de

This is a slightly revised version of the paper appearing in: Proceedings of the Fourth International Conference on Principles and Practice of Constraint Programming (CP’98), Springer-Verlag, Berlin.

Abstract. Information about the relative size of spatial regions is often easily accessible and, when combined with other types of spatial information, it can be practically very useful. In this paper we combine a simple framework for reasoning about qualitative size relations with the Region Connection Calculus RCC-8, a widely studied approach for qualitative spatial reasoning with topological relations. Reasoning about RCC-8 relations is NP-hard, but a large maximal tractable subclass of RCC-8 called bH8 was identified. Interestingly, any constraint in RCC-8 − bH8 can be consistently reduced to a constraint in bH8, when an appropriate size constraint between the spatial regions is supplied. We propose an O(n^3) time path-consistency algorithm based on a novel technique for combining RCC-8 constraints and relative size constraints, where n is the number of spatial regions. We prove its correctness and completeness for deciding consistency when the input contains topological constraints in

bH_8. We also provide results on finding a consistent scenario in O(n^3)

time both for combined topological and relative size constraints, and for topological constraints alone. This is an O(n^2) improvement over the known methods.

1 Introduction

The Region Connection Calculus (RCC) [14] is a well studied topological approach for qualitative spatial reasoning, where regions are non-empty regular subsets of a topological space. Regions need not be one-piece. Binary relations between regions are based on the “connected” relation C(a, b) which is true if the closure of region a and the closure of region b have a non-empty intersection.

RCC-8 is a set of eight jointly exhaustive and pairwise disjoint relations called basic relations definable in the RCC-theory, and of all possible disjunctions of the basic relations, resulting in 2^8 different RCC-8 relations altogether.

An important reasoning problem in this framework is deciding consistency of a set of spatial constraints of the form xRy where x, y are region variables and R is a relation in RCC-8. Another related problem is finding a consistent scenario for a set of RCC-8 constraints, that is a consistent refinement of all the constraints in the set to one of their basic relations. These problems are in general NP-hard, but they can be decided in polynomial time for a large subset of RCC-8 (denoted bH_8) which is a maximal tractable subclass of RCC-8 [16]. In particular, Renz and Nebel [16] proved that the consistency of a set of constraints over bH_8 can be decided in O(n^3) time, where n is the number of variables involved.

This paper contains two main contributions. In the first part of the paper we address the problem of finding a consistent scenario for a set of bH_8 constraints, and we propose an O(n^3) time algorithm for solving this task. This is an O(n^2) improvement over the bound of the previously known methods.

In the second part of the paper, we study the combination of RCC-8 with qualitative information about region sizes, which is often easily accessible and practically useful. As a very simple example, suppose to have three geographical regions A, B and C for which the only topological information available is that B is contained in A. In addition we know that A is smaller than C, and that C is smaller than B. The combined set of topological and relative size information is inconsistent, but we cannot detect this by just independently processing the two kind of information, or by just expressing the size information as topological constraints.^1

Specifically, we consider the following qualitative relations between region sizes, which have been largely studied in the context of temporal reasoning (e.g., [18, 17, 6]): <, ≤, >, ≥, ≠, =, <=>. Interestingly, any constraint in RCC-8 −

b_{H8 can be consistently refined to a constraint in} b_{H8, when an appropriate size}

constraint of this class is supplied.

We propose an algorithm, Bipath-consistency, based on a novel technique for dealing with combined topological and qualitative size constraints, and we prove that, despite our extended framework is more expressive than bH_8 (and therefore it has a larger potential applicability), the problem of deciding consistency can be solved in cubic time (i.e., without additional worst-case cost). Bipath-consistency is a general algorithm, in the sense that it can be applied not only to spatial relations. For example, in the context of temporal reasoning it can be used to combine relations in Allen’s Interval Algebra [1] and qualitative constraints on the duration of the temporal intervals. Of course, different classes of relations might need different completeness and complexity proofs.

The proof of the completeness of this algorithm is based on a particular method of constructing a consistent scenario for a set of constraints over bH_8, which is analyzed in the first part of the paper. Moreover, this method can also be used in combination with Bipath-consistency to compute, in cubic time, a consistent topological scenario satisfying an input set of qualitative size constraints between the spatial regions.

The rest of the paper is organized as follows. In the first part we briefly introduce RCC-8 (Section 2) and give the results concerning computing a consistent scenario (Section 3). The second part deals with the combination of topological and size constraints (Sections 4 and 5).

1 Another more complex example illustrating interdependencies between topological and size constraints is given in Section 5.

ffiflfflfiffiflfflfiX_{YDC(X, Y )} ffiflfflfiffiflfflfiX_{YEC(X, Y )} ŒÆØøffiflfflfiY X

ffiflfflfiY

¯˘˚ˇ̄˘˚ˇ ŒÆ Øøffiflfflfi ŒÆ Øø ŒÆ Øø ffiflfflfiŒÆØø^{TPP(X, Y ) TPP�1(X, Y )} X Y

X Y

X X Y X Y

PO(X, Y ) EQ(X, Y ) NTPP(X, Y ) NTPP�1(X, Y )

Fig. 1. Two-dimensional examples for the eight basic relations of RCC-8

2 The Region Connection Calculus RCC-8

RCC-8 is a set of binary spatial relations formed by eight jointly exhaustive and pairwise disjoint relations definable in the RCC-theory called basic relations,^2 and by all possible disjunctions of the basic relations (resulting in 2^8 different RCC-8 relations altogether). The basic relations are denoted by DC (DisConnected), EC (Externally Connected), PO (Partial Overlap), EQ (EQual), TPP (Tangential Proper Part), NTPP (Non-Tangential Proper Part), and their converse TPP^{−1} and NTPP^{−1} [14]. Figure 1 shows two-dimensional examples of these relations. In the following, an RCC-8 relation will be written as a set of basic relations.

An important reasoning problem in this framework is deciding consistency of a set Θ of spatial constraints of the form xRy where x, y are region variables and R is an RCC-8 relation. Θ is consistent if and only if there is a model of Θ, i.e., an assignment of spatial regions to the variables of Θ such that all the constraints are satisfied. This problem (denoted by RSAT) is NP-complete [16]. RSAT is a fundamental reasoning problem since several other interesting reasoning problems can be reduced to it by polynomial Turing reduction [7].

A set of constraints in RCC-8 can be processed using an O(n^3) time pathconsistency algorithm, which makes the set path-consistent by eliminating all the impossible labels (basic relations) in every subset of constraints involving three variables [12, 13]. If the empty relation occurs during this process, the set is not consistent, otherwise the resulting set is path-consistent. Since RSAT is NP-complete, in general imposing path-consistency is not sufficient for deciding consistency of a set of RCC-8 constraints. Renz and Nebel [16] identified a subset of RCC-8 (denoted by bH_8) for which RSAT can be decided in polynomial time. They also proved that bH_8 is maximal with respect to tractability, i.e., if any RCC-8 relation is added to bH_8, then the consistency problem becomes NP-complete. Finally they showed that computing path-consistency for a set of constraints over bH_8 is sufficient for deciding its consistency.

b_{H8 contains 148 relations, i.e., almost 60% of the RCC-8 relations. The fol-}

lowing 108 RCC-8 relations are not contained in bH_8, where (N)TPP denotes TPP

2 I.e., between any two regions exactly one of the basic relations holds.

or NTPP:

RCC-8 \ bH_8 = {R | ({(N)TPP, (N)TPP^{−1}} ⊂ R and {PO} ⊄ R) or ({EQ, NTPP} ⊂ R and {TPP} ⊄ R) or ({EQ, NTPP^{−1}} ⊂ R and {TPP^{−1}} ⊄ R)}

We assume that a set of constraints Θ contains one constraint for each pair of variables involved in Θ, i.e., if no information is given about the relation holding between two variables x and y, then the universal constraint x{∗}y is implicitly contained in Θ (∗ denotes the universal relation, i.e., the union of all the basic relations). Another assumption that we make is that whenever a constraint xRy is in Θ, also yR⌣x is present, where R⌣ is the converse of R.

We say that a set of constraints Θ^′ is a refinement of Θ if and only if the same variables are involved in both the sets, and for every pair of variables x, y, if xR^′y ∈ Θ^′ and xRy ∈ Θ then R^′ ⊆ R. Θ^′ is said to be a consistent refinement of Θ if and only if Θ^′ is a refinement of Θ and both Θ and Θ^′ are consistent. A consistent scenario Θ_s of a set of constraints Θ is a consistent refinement of Θ where all the constraints of Θ_s are singletons, i.e., assertions of basic relations.

3 Finding a Consistent Scenario for RCC-8

In order to decide the consistency of a set of RCC-8 constraints Θ, a pathconsistent refinement of Θ containing only constraints over bH_8 must be found^3 (usually by applying backtracking). However, for other tasks such as finding a model of Θ this is not sufficient. For these tasks it is rather necessary to have basic relations between any pair of variables involved in Θ, i.e., a consistent scenario for Θ is required.

A naive algorithm for finding a consistent scenario for Θ is based on iteratively selecting a label and enforce path-consistency on the restricted set. This requires O(n^5) time if Θ contains only constraints over bH_8, and to the best of our knowledge no algorithm with a better worst-case complexity is known. As in the case of qualitative temporal reasoning (e.g., [11], [17]), by exploiting some properties of the particular class of used relations, it is possible to design more efficient algorithms. For instance, a more efficient algorithm is possible for a certain set of relations when path-consistency implies minimal labels or strong consistency [4] for this set. However, this is not the case for bH_8 [16].

In the following we will prove that given a consistent set Θ of constraints over

b_{H8, a consistent scenario Θs can be obtained in O(n}3_{) time by reducing all the}

constraints of Θ to constraints over the basic relations in a very particular way. In order to prove this, we will use several “refinement strategies” of the form “given a particular set S ⊆ bH_8, a relation R^′, and a path-consistent set Θ of constraints over S, Θ can be consistently refined to Θ^′ by replacing each constraint xRy in Θ, such that R^′ ⊂ R, with the constraint xR^′y.” In the following the set S will be indicated with bH_↓R0 .

3 This is of course also true for any other tractable subclass of RCC-8 for which pathconsistency is sufficient for deciding consistency.

By using the encoding of RCC-8 in classical propositional logic as specified in [16], it is possible to prove that these refinement strategies preserve consistency. In this encoding, every set of RCC-8 constraints Θ is transformed to a propositional formula p(Θ) such that Θ is consistent if and only if p(Θ) is satisfiable. In particular, every variable x involved in Θ is transformed to a set of propositional atoms {X_k | k = 1, . . . , m; m ≤ cn^2} (c is a constant), and every constraint xRy ∈ Θ is transformed to a set of clauses involving literals over X_k and Y_k for some k. Since each constraint xRy is transformed to a propositional Horn clause if R ∈ bH_8, consistency of a set Θ of constraints over bH_8 can be decided by applying positive unit resolution (PUR) to p(Θ).^4 Here we will use a property which was proved in [16], namely, that a new positive unit clause {X_w} can be derived from p(Θ) by using PUR only if (1) there is a variable y in Θ such that the clause {Y_w} is present, and (2) Θ contains a so-called R_Γ -chain from x to y. An R_Γ -chain from x to y is a sequence of constraints xRz, zR^′z^′, . . . , z^{′′}R^{′′′}y, where all relations R, R^′, . . . , R^{′′′} are from a particular set of relations R_Γ .^5 We also need another property which can be proven by using similar methods as those applied in [16]:

Lemma 1. Let Θ be a set of constraints over bH_8 that contains an R_Γ -chain from x to y for some variables x and y. If for some w ∈ {1, . . . , m} the clause {X_w} can be derived from p(Θ) and {Y_w} by using PUR, then {X_k} can be derived from p(Θ) and {Y_k} by using PUR for all k ∈ {1, . . . , m}.

We will only sketch some of the proofs involving the encoding of RCC-8 in classical propositional logic, and refer to the technical report for the full proofs [5]. We will use refinement strategies for the following sets of relations:

Definition 1.

– b_{H↓DC =} b_{H8} – b_{H↓EC = {R ∈} b_{H8 | R does not contain both DC and EC}} – b_{H↓PO = {R ∈} b_{H8 | R does not contain any of DC, EC, or EQ,}

unless R is a basic relation}

– b_{H↓NTPP = {R ∈} b_{H8 | R does not contain any of DC, EC, EQ, or PO,}

unless R is a basic relation}

Lemma 2 (DC-refinement). Let Θ be a path-consistent set of constraints over

b_{H↓DC . Θ can be consistently refined to Θ}′_{by replacing every constraint xRy ∈ Θ}

such that {DC} ⊂ R with the constraint x{DC}y.

Proof Sketch. Let xRy with R = {DC} ∪ R^′ be one of the constraints of Θ, and suppose that Θ becomes inconsistent if xRy is replaced with x{DC}y resulting in Θ^{′′}. Since the propositional encoding of x{DC}y is p(x{DC}y) = V^m_{k=1}(¬X_k ∨ ¬Y_k) (see [16]), no new positive unit clause can be derived by using these Horn clauses. Thus, the empty clause can be derived from p(Θ^{′′}) by using PUR only

4 PUR is complete for deciding satisfiability of a set of propositional Horn clauses [8]. 5 RΓ is the set of relations that contains one of the basic relations TPP�^1, NTPP�^1, or EQ, but does not contain any of TPP, NTPP, or PO [16] when for some w ∈ {1, . . . , m} both the unit clauses {X_w} and {Y_w} can be derived from p(Θ). It follows from [16] that if this were possible, then Θ would not be path-consistent. This contradicts our assumptions. Since no new positive unit clause is derivable from p(Θ^{′′}), any constraint xRy of Θ that contains {DC} can be replaced with x{DC}y simultaneously, for any pair of variables x and y in Θ, without applying a path-consistency algorithm after each refinement. ⊓⊔

The proofs of the following three refinement strategies are more complex than the proof of the previous one since there are more cases to consider. However, all cases can be handled with similar methods as used in the previous proof, namely, by looking at whether the changes to the propositional encodings resulting from the refinement of constraints permit to derive the empty clause by using PUR. In all of these cases it turns out (mostly by applying Lemma 1) that if the empty clause is derivable after the refinements, then it was also derivable before the refinement. Therefore the refinements preserve consistency of the set of constraints.

Lemma 3 (EC-refinement). Let Θ be a path-consistent set of constraints over

b_{H↓EC . Θ can be consistently refined to Θ}′_{by replacing every constraint xRy ∈ Θ}

such that {EC} ⊂ R with the constraint x{EC}y.

Lemma 4 (PO-refinement). Let Θ be a path-consistent set of constraints over

b_{H↓PO . Θ can be consistently refined to Θ}′_{by replacing every constraint xRy ∈ Θ}

such that {PO} ⊂ R with the constraint x{PO}y.

Lemma 5 (NTPP-refinement). Let Θ be a path-consistent set of constraints over bH_{↓NTPP} . Θ can be consistently refined to Θ^′ by replacing every constraint xRy ∈ Θ such that {NTPP} ⊂ R with the constraint x{NTPP}y.

In addition to the four refinement strategies described above, we need a further constraint refinement technique for handling relations containing {EQ}.

Lemma 6 (EQ-elimination). Let Θ be a path-consistent set of constraints over

b_{H8. Θ can be consistently refined to Θ}′_{by eliminating {EQ} from every constraint} xRy ∈ Θ unless R = {EQ}. Proof Sketch. Let xRy be one of the constraints of Θ, and suppose that Θ becomes inconsistent if {EQ} is eliminated from xRy resulting in Θ^{′′}. Since eliminating {EQ} from a relation R is equivalent to intersecting R with the relation {EQ} expressible as {EQ} = {EC} ∘ {DC, PO},^6 Θ^{′′} is equivalent to Θ ∪ {x{EC}z, z{DC, PO}y} where z is a fresh variable which is only related with x and y. As neither {EC} nor {DC, PO} are contained in R_Γ , no positive unit clauses for literals of p(Θ) can be derived from p(Θ^{′′}) by PUR using the clauses resulting from the propositional encoding of the two new constraints. Thus, the empty clause can only be derived from p(Θ^{′′}) by using the unit clauses in the propositional encodings of the new constraints. Because of Lemma 1 there must be a way in which only the unit clauses of the newly added constraints can be

6 Rel denotes the complement of Rel, R1 ∘ R2 denotes the composition of R1 with R2.

used to derive the empty clause, and not the unit clauses derivable from p(Θ). It follows from [16] that this is possible only if Θ contains an R_Γ -chain from x to y and an R_Γ -chain from y to x. But if this were the case, it follows from [16] that Θ would not be path-consistent, and thus the initial assumptions would be contradicted. Since no new R_Γ -chain is introduced in Θ^{′′}, {EQ} can be eliminated from all relations simultaneously without applying the path-consistency algorithm after each elimination. ⊓⊔

We can now combine the five strategies to derive an algorithm for determining a consistent scenario for a consistent set of constraints over bH_8.

Theorem 1. For each path-consistent set Θ of constraints over bH_8, a consistent scenario Θ_s can be determined in time O(n^3), where n is the number of variables involved in Θ.

Proof. The following algorithm, Scenario(Θ), solves the problem:

(1) apply DC-refinement, (2) apply EC-refinement, (3) apply EQ-elimination, (4) apply PO-refinement, (5) apply NTPP-refinement, (6) return the set of the resulting constraints.

Impose path-consistency after each of the steps (1)–(5).

Scenario(Θ) terminates in O(n^3) time since each of the steps (1)–(5) takes time O(n^2) and path-consistency, which takes time O(n^3), is computed 5 times. By Definition 1 we have that bH_{↓NTPP} ⊂ bH_{↓PO} ⊂ bH_{↓EC} ⊂ bH_8. It follows from Lemmas 2 to 6 that after applying each refinement step, Θ is refined to a set of constraints containing only relations for which the next refinement step is guaranteed to make a consistent refinement. Since the interleaved applications of the path-consistency algorithm can only refine constraints and never add new basic relations to the constraints, the possible set of relations obtained after each step is not extended by applying the path-consistency algorithm.

Thus, since Θ is consistent and contains only constraints over bH_8, the output of Scenario(Θ) is consistent. Moreover, since any (non-basic) relation of

b_{H8 contains one of DC, EC, PO, NTPP, or NTPP}−1_{(see the definition of} b_{H8 in}

Section 2), the interleaved applications of path-consistency and steps (1)–(5) guarantee that the output of Scenario(Θ) is a consistent scenario for Θ. ⊓⊔

By applying Scenario(Θ) to a path-consistent set of constraints over bH_8 we obtain a particular consistent scenario Θ_s of Θ. Since exactly this consistent scenario is used in the proof of the main theorem of Section 5, in the following lemma we explicitly describe the relationship between Θ_s and Θ.

Lemma 7. Let Θ be a path-consistent set of constraints over bH_8 involving the variables x and y, and let Θ_s be the output of Scenario(Θ).

– The constraint x{EQ}y is contained in Θ_s only if it is also contained in Θ. – The constraint x{TPP}y is contained in Θ_s only if Θ contains either x{TPP}y or x{TPP, EQ}y.

– The constraint x{NTPP}y is contained in Θ_s only if Θ contains either x{NTPP}y, x{NTPP, TPP}y or x{NTPP, TPP, EQ}y. In all the other cases, xRy ∈ Θ is refined to one of x{DC}y, x{EC}y or x{PO}y in Θ_s.

Proof Sketch. If the path-consistency algorithm were not applied after each of the steps (1) - (5) in Scenario(Θ), the proof would immediately follow from the applications of the refinements in the algorithm. Considering the interleaved path-consistency computations, it might be possible that after refining a constraint of Θ to one of {DC}, {EC}, or {PO} by one of the steps (1), (2), or (4), another constraint xRy ∈ Θ, such that R ∩ {DC, EC, PO} ≠ ∅ and R ∩ {TPP, TPP^{−1}, NTPP, NTPP^{−1}, EQ} ≠ ∅, is refined by the path-consistency algorithm to xR^′y such that R^′ ∩ {DC, EC, PO} = ∅. In this case, xRy would be refined by Scenario(Θ) to one of x{NTPP}y, x{TPP}y, x{NTPP^{−1}}y, x{TPP^{−1}}y, or x{EQ}y in Θ_s which contradicts the lemma. However, by analyzing the composition table of the RCC-8 relations (see, e.g.,[16]) it follows that this is never possible for the sets of relations used by the different refinement strategies. ⊓⊔

4 Combining Topological and Qualitative Size Relations

In this section we introduce QS, a class of qualitative relations between region sizes, and we combine this class with RCC-8. We also give some technical results that will be used in the next section, where we present an algorithm for processing constraints in the combined framework.

In the following we will assume that all the spatial regions are measurable sets in R^n [2]. Note that this assumption does not compromise the computational properties of bH_8, because from [15] it follows that the regions of every consistent set of RCC-8 constraints can always be interpreted as measurable sets (e.g., as sets of spheres in R^3). We will also assume that the size of an n-dimensional region corresponds to its n-dimensional measure [2]. For example, the size of a sphere in R^3 corresponds to its volume.

Given a set V of spatial region variables, a set of QS constraints over V is a set of constraints of the form size(x) S size(y), where S ∈ QS, size(x) is the size of the region x, size(y) is the size of the region y, and x, y ∈ V .

Definition 2. QS is the class formed by the following eight qualitative relations between the size of spatial regions: <, >, ≤, ≠, =, ≥, <=> and ∅, where <=> is the universal relation, and <, >, and = are the basic relations.

Proposition 1. The relations of QS form a Point Algebra.

It is obvious that the topological RCC-8 relations and the relative size relations are not independent from each other. Table 1 gives the size relations that are entailed by the basic RCC-8 relations, and the topological relations that are entailed by the basic size relations. Sizerel(R) indicates the strongest size relation entailed by the topological relation R, and T oprel(S) indicates the strongest topological relation entailed by the size relation S.

The dependencies from a non-basic relation R can be obtained by disjunctively combining the relations entailed by each basic relation in R. For example, {TPP,EQ} entails “≤”. r Sizerel(r) r Sizerel(r) s T oprel(s) TPP |= < DC |= <=> = |= DC, EC, PO, EQ NTPP |= < EC |= <=> > |= DC, EC, PO, TPP�^1, NTPP�^1

TPP�1_{|= > PO |= <=> < |= DC, EC, PO, TPP, NTPP}

NTPP�^1 |= > EQ |= =

Table 1. Interdependencies of basic RCC-8 relations (r) and basic QS relations (s)

Since any topological relation – and any sub-relation thereof – entailed by the basic size relations <, >, = is contained in bH_8, the following proposition is true.

Proposition 2. The relation R ∈ RCC-8\ bH_8 of any constraint xRy can be consistently refined to a relation R^′ ∈ bH_8, if an appropriate size constraint between x and y is given. In particular, if definite size information is given, then R can always be consistently refined to a relation R^′ ∈ bH_8.

For example, the RCC-8 \ bH_8 constraint x{TPP, TPP^{−1}, NTPP, DC, EC}y can be consistently refined to the bH_8 constraint x{TPP, NTPP, DC, EC}y if the size constraint size(x) ≤ size(y) is given. Before giving an algorithm for processing RCC-8 constraints combined with qualitative size constraints, we need to give some further technical definitions and results that will be used in the next section to prove the formal properties of the algorithm.

Definition 3 (Model for Σ). Given a set Σ of constraints in QS, we say that an assignment σ of spatial regions to the variables of Σ is a model of Σ if and only if σ satisfies all the constraints in Σ.

Definition 4 (Consistency for Θ∪Σ). Given a set Θ of constraints in RCC-8 and a set Σ of constraints in QS, Θ ∪ Σ is consistent if there exists a model of Θ which is also a model of Σ.

We say that a consistent scenario for a set Θ of constraints is size-consistent relative to a set Σ of constraints if and only if there exists a model for the scenario that is also a model of Σ.

The next lemma states that non-forced equalities can be omitted from a path-consistent set of size constraints in QS without losing consistency.

Lemma 8. Let Σ be a path-consistent set of size constraints over QS and Σ^′ the set of size constraints such that, for each constraint size(i) S size(j) in Σ,

1. if S ∈ {<, >} then size(i) S size(j) ∈ Σ^′, 2. if S = “≤” then size(i) < size(j) ∈ Σ^′, 3. if S = “≥” then size(i) > size(j) ∈ Σ^′, 4. if S = “=” then size(i) = size(j) ∈ Σ^′, 5. if S = “<=>” then size(i) ≠ size(j) ∈ Σ^′.

Σ^′ is consistent and any model of Σ^′ is also a model of Σ.

Proof Sketch. It follows from van Beek’s method of computing a consistent scenario for a set of relations in the temporal Point Algebra [17]. ⊓⊔

Let Θ be a set of constraints in RCC-8, Σ a set of of constraints in QS, t_{ij} the relation between i and j in Θ, and s_{ij} the relation between size(i) and size(j) in Σ. We say that: t_{ij} entails the negation of s_{ij} (t_{ij} |= ¬s_{ij} ) if and only if Sizerel(t_{ij}) ∩ s_{ij} = ∅; s_{ij} entails the negation of t_{ij} (s_{ij} |= ¬t_{ij} ) if and only if T oprel(s_{ij} ) ∩ t_{ij} = ∅. Proposition 3. A consistent set Θ of constraints in RCC-8 entails the negation of a QS relation s_{ij} between size(i) and size(j) if and only if Sizerel(t̂_{ij} )∩s_{ij} = ∅, where t̂_{ij} is the strongest entailed relation between i and j in Θ.

Proof. It follows from the fact that, for any i and j, Θ |= ¬s_{ij} if and only if t̂_{ij} |= ¬s_{ij} , and from the definition of Sizerel. ⊓⊔

Proposition 4. A consistent set Σ of constraints in QS entails the negation of a RCC-8 relation t_{ij} between i and j if and only if T oprel(ŝ_{ij} ) ∩ t_{ij} = ∅, where ŝ_{ij} is the strongest entailed relation between i and j in Σ.

Proof. It follows from the fact that, for any i and j, Σ |= ¬t_{ij} if and only if ŝ_{ij} |= ¬t_{ij} , and from the definition of T oprel. ⊓⊔

Lemma 9. Let Θ be a consistent set of constraints in RCC-8, Σ a consistent set of QS constraints over the variables of Θ, t_{ij} the relation between i and j in Θ, and s_{ij} the relation between size(i) and size(j) in Σ.

– t_{ij} |= ¬s_{ij} if and only if s_{ij} |= ¬t_{ij} ; – Θ |= ¬ŝ_{ij} if and only if Σ |= ¬t̂_{ij} .

Proof Sketch. It follows from Table 1. ⊓⊔

In the next lemma t_{ij} indicates the basic relation between i and j in a consistent scenario Θ_s for a set Θ of topological relations.

Lemma 10. Let Θ_s be a consistent scenario for a (consistent) set Θ of topological constraints in bH_8. It is possible to construct a model of Θ that is also a model for the set of size constraints obtained in the following way. For each variable i and j, (1) if Sizerel(t_{ij}) is one of <, >, =, then size(i) < size(j), size(i) > size(j), and size(i) = size(j), respectively, is in Σ;

(2) if Sizerel(t_{ij} ) is the universal relation (“<=>”), then one of size(i) < size(j) or size(i) > size(j) can be arbitrarily chosen to be added to Σ (provided that Σ remains consistent).

Proof. Let s_{ij} be the relation between size(i) and size(j) in Σ. We show that it is possible to construct a model θ for Θ_s in which the values (spatial regions) assigned to the variables satisfy Σ. Suppose that this were not true. We would have that (a) there would exist h and k such that Θ_s |= ¬s_{hk}, or (b) there would exist h^′ and k^′ such that Σ |= ¬t_h0_k0 (i.e., there is no model of Θ_s satisfying s_{hk}, or there is no model of Σ consistent with t_h0_k0.) Since by construction of Θ_s, for any pair of variables in Θ_s the strongest entailed relation between i and j is t_{ij} , (a) can hold only if (a’) t_{hk} |= ¬s_{hk} holds. For analogous reasons we have that (b) can hold only if (b’) s_h0_k0 |= ¬t_h0_k0 holds. But both (a’) and (b’) cannot hold. In fact, since for any i, j Sizerel(t_{ij} ) ∈ {<, >, =, <=>} (because t_{ij} is basic), by (1) and (2) it cannot be the case that t_{hk} |= ¬s_{hk}, and hence by Lemma 9 also s_h0_k0 |= ¬t_h0_k0 cannot hold. ⊓⊔

5 Reasoning about Size and Topology Relations

A natural method for deciding the consistency of a set of RCC-8 constraints and a set of QS constraints, would be to first extend each set of constraints with the constraints entailed by the other set, and then independently check the consistency of the extended sets by using a path-consistency algorithm. However, as the example below shows, this method is not complete for bH_8 constraints.

Another possibility, would be to compute the strongest entailed relations (minimal relations) between each pair of variables before propagating constraints from one set to the other. However, this method has the disadvantage that it is computationally expensive.^7

Finally, a third method could be based on iteratively using path-consistency as a preprocessing technique and then propagating the information from one set to the other.^8 The following example shows that the information would need to be propagated more than once, and furthermore it is not clear whether in general this method would be complete for detecting inconsistency.^9

Example. Consider the set Θ formed by the following bH_8 constraints

x_0{TPP, EQ}x_2, x_1{TPP, EQ, PO}x_0, x_1{TPP, EQ}x_2, x_4{TPP, EQ}x_3,

and the set Σ formed by the of following QS constraints size(x_0) < size(x_2), size(x_3) ≤ size(x_1), size(x_2) ≤ size(x_4). 7 The best known algorithm for computing the minimal network of a set of bH8 constraints requires O(n^5) time.

8 Note that imposing a path-consistency algorithm is sufficient for consistency checking

of bH_8 and QS constraints, but is incomplete for computing the minimal relations

[17, 16].

9 A similar method is used by Ladkin and Kautz to combine qualitative and metric constraints in the context of temporal reasoning [9].

We have that Θ and Σ are independently consistent, but their union is not consistent. Moreover, the following propagation scheme does not detect the inconsistency: (a) enforce path-consistency to Σ and Θ independently; (b) extend Σ with the size constraints entailed by the constraints in Θ; (c) extend Θ with the topological constraints entailed by the constraints in Σ; (d) enforce pathconsistency to Θ and Σ again. In order to detect that Θ ∪ Σ is inconsistent, we need an additional propagation of constraints from the topological set to the size set.

Instead of directly analyzing the complexity and completeness of the propagation scheme illustrated in the previous example, we propose a new method for dealing with combined topological and qualitative size constraints. In particular, we propose an O(n^3) time and O(n^2) space algorithm, Bipath-consistency, for imposing path-consistency to a set of constraints in RCC-8 ∪ QS. We prove that Bipath-consistency solves the problem of deciding consistency for any input set Θ of topological constraints in bH_8 combined with any set of size constraints in QS involving the variables of Θ. Thus, despite this framework is more expressive than bH_8 (and therefore has a larger potential applicability), the problem of deciding consistency can be solved without additional worst-case cost.

Bipath-consistency is a modification of Vilain and Kautz’s path-consistency algorithm [18] as described by Bessière [3], which in turn is a slight modification of Allen’s algorithm [1]. The main novelty of our algorithm is that Bipathconsistency operates on a graph of pairs of constraints. The vertices of the graph are constraint variables, which in our context correspond to spatial regions. Each edge of the graph is labeled by a pair of relations formed by a topological relation in RCC-8 and a size relation in QS. The function birevision(i, k, j) has the same role as the function revise used in path consistency algorithms for constraint networks (e.g., [12]). The main difference is that birevision(i, k, j) considers pairs of (possibly interdependent) constraints, instead of single constraints.

Note that Bipath-consistency is a general algorithm, in the sense that it can be applied not only to spatial reasoning. For example, it can be applied to pairs of temporal relations, where each pair is formed by a relation in the Allen’s Interval Algebra [1] and a qualitative constraint on the duration of the intervals. Of course, different classes of relations might need different completeness and complexity proofs.

A formal description of Bipath-consistency is given in Figure 2, where R_{ij} is a pair formed by a relation t_{ij} in RCC-8 and a relation s_{ij} in QS; R_{ij} = ∅ when t_{ij} = ∅ or s_{ij} = ∅; U_t indicates the universal relation in RCC-8 and U_s the universal relation in QS.

Theorem 2. Given a set Θ of constraints in bH_8 and a set Σ of constraints in QS involving variables in Θ, Bipath-consistency applied to Σ and Θ decides the consistency of Σ ∪ Θ.

Proof. It is clear that, if the algorithms returns fail, then Σ ∪Θ is inconsistent. Otherwise (the algorithm does not return fail) both the output set of size

10 As in the function revise given in [3], this step is used to avoid processing the triple i, j, k when it is known that Rij would not be revised.

Algorithm: Bipath-consistency Input: A set Θ of RCC-8 constraints, and a set Σ of QS constraints over the variables x1, x2, . . . , xn of Θ. Output: fail, if Σ ∪ Θ is not consistent; path-consistent sets equivalent to Σ and Θ, otherwise.

1. Q ← {(i, j) | i < j}; (i indicates the i-th variable of Θ. Analogously for j) 2. while Q ≠ ∅ do 3. select and delete an arc (i, j) from Q; 4. for k ≠ i, k ≠ j (k ∈ {1...n}) do 5. if birevision(i, j, k) then 6. if Rik = ∅ then return fail 7. else add (i, k) to Q; 8. if birevision(k, i, j) then 9. if Rkj = ∅ then return fail 10. else add (k, j) to Q.

Function: birevision(i, k, j) Input: three region variables i, k and j Output: true, if Rij is revised; false otherwise.

Side effects: Rij and Rji revised using the operations ∩ and ∘ over the constraints involving i, k, and j.

1. if one of the following cases hold, then return false:^{10} (a) T oprel(sik) ∩ tik = Ut and Sizerel(tik) ∩ sik = Us, (b) T oprel(skj) ∩ tkj = Ut and Sizerel(tkj ) ∩ skj = Us 2. oldt := tij ; olds := sij ; 3. tij := (tij ∩ T oprel(sij)) ∩ ((tik ∩ T oprel(sik)) ∘ (tkj ∩ T oprel(skj))); 4. sij := (sij ∩ Sizerel(tij )) ∩ ((sik ∩ Sizerel(tik)) ∘ (skj ∩ Sizerel(tkj))); 5. tij := (tij ∩ T oprel(sij)); 6. if (oldt = tij ) and (olds = sij ) then return false; 7. tji := Converse(tij ); sji := Converse(sij); 8. return true.

Fig. 2. Bipath-consistency

constraints Σ_p and the output set Θ_p of topological constraints are independently path-consistent. Hence, by Proposition 1 and the fact that a path-consistent set of constraints either in bH_8 or in a Point Algebra is consistent [16, 10], Σ and Θ are independently consistent.

Let Θ_p be the path-consistent set of topological constraints given as output of Bipath-consistency applied to Σ and Θ, and Σ_p the path-consistent set of the size constraints. We show that Σ_p ∪ Θ_p is consistent (and therefore that Σ ∪ Θ is consistent). In order to do that, we show that it is possible to construct a consistent scenario Θ_s for Θ_p in which the region variables can be consistently interpreted as regions satisfying the constraints of Σ (i.e., it is possible to construct a model of Σ ∪ Θ).

Let Θ_s be a consistent scenario for Θ_p in which, for any pair of variables i and j, the (basic) relation r_{ij} between i and j is

– EQ if i{EQ}j ∈ Θ_p, – one of DC, EC, PO, if R ∩ {DC, EC, PO} ≠ ∅, where iRj ∈ Θ_p, – one of TPP, NTPP, TPP^{−1}, NTPP^{−1}, otherwise.

Note that one of EQ, TPP, NTPP, TPP^{−1}, NTPP^{−1}, is chosen only if one of them must be chosen, and that Lemma 7 guarantees the existence of Θ_s.

From Θ_s we can derive an assignment to the variables of Θ_s satisfying the constraints of Σ_p (and the topological constraints of Θ_s) in the following way. Let Σ^′_p be the set of size constraints derived from Σ_p by applying the five transformation rules of Lemma 8, and let σ^′_p be a consistent scenario for Σ^′_p. By Lemma 8 σ^′_p is also a consistent scenario for Σ_p (and hence for Σ).

For each pair of variables i and j, consider the size relation Sizerel(r_{ij} ) between i and j. By construction of Θ_s and steps 3–7 of Birevision (the subroutine used by Bipath-consistency to revise topological and size constraints), it is clear that if Sizerel(r_{ij} ) is one of “<”, “>”, “=”, then the relation between i and j in Σ^′_p (and in σ^′_p) is the same as Sizerel(r_{ij} ). So, any assignment satisfying r_{ij} satisfies also the size relation between i and j in Σ^′_p (and in σ^′_p).

Consider now the case in which Sizerel(r_{ij} ) is the indefinite relation (“<=>”). (Note that since r_{ij} is a basic relation it cannot be the case that Sizerel(r_{ij} ) ∈ {≤, ≥, ≠} – see Table 1.) By construction of Θ_s we have that r_{ij} must be one of {DC}, {EC}, {PO}, and by construction of σ^′_p that either size(i) < size(j) or size(j) < size(i). Since Σ_p is consistent, by construction of σ^′_p and by Lemma 10 we can consistently assign regions to i and j satisfying r_{ij} and the size relation between i and j in σ^′_p (and hence in Σ^′_p). Consequently, since from Θ_s we can derive a consistent assignment satisfying the relations in Σ^′_p, by Lemma 8 we can also derive a consistent assignment satisfying the relations in Σ_p (i.e., a model for Θ_p ∪ Σ_p). ⊓⊔

Theorem 3. Given a set Θ of constraints over RCC-8 and a set Σ of constraints in QS involving variables in Θ, the time and space complexity of Bipathconsistency applied to Σ and Θ are O(n^3) and O(n^2) respectively, where n is the number of variables involved in Θ and Σ.

Proof. Since any relation in QS can be refined at most three times, any relation in RCC-8 can be refined at most eight times, and there are O(n^2) relations, the total number of edges that can enter into Q is O(n^2). For each arc in Q, Bipath-consistency runs Birevision 2n times. Birevision has a constant time complexity. The quadratic space complexity is trivial. ⊓⊔

Theorem 4. Given a set Θ of constraints in bH_8 and a set Σ of constraints in QS involving variables in Θ, the consistency of Σ ∪ Θ can be determined in O(n^3) time and O(n^2) space, where n is the number of variables involved in Θ and Σ.

Proof. It follows from Theorems 2 and 3. ⊓⊔

Theorem 5. Given a set Θ of constraints in bH_8 and a set Σ of QS constraints involving variables in Θ, a size-consistent consistent scenario Θ_s for Θ ∪ Σ can be computed in O(n^3) time and O(n^2) space, where n is the number of variables involved in Θ and Σ.

Proof. From Theorem 1, the proof of Theorem 2 and Theorem 3, it follows that Θ_s can be computed by first applying Bipath-consistency to Θ and Σ, and then running the algorithm described in the proof of Theorem 1 on the set of the topological constraints in the output of Bipath-consistency. ⊓⊔

6 Conclusions

In this paper we have addressed the problem of integrating a basic class of spatial relations, expressing information about the relative size of spatial regions, with RCC-8, a well known class of topological relations. We developed an O(n^3) time algorithm for processing a set of combined topological and relative size constraints, and we proved the correctness and completeness of the algorithm for deciding consistency when the topological constraints are in the bH_8 class.

We have also presented an O(n^3) time method for computing a consistent scenario both for combined topological and relative size constraints, and for topological constraints alone.

Future work includes extending the class of size relations to (relative) quantitative size constraints, such as “the size of a certain region is at least two times, and at most six times, the size of another region”.

Acknowledgments

The work of the first author has been partly supported by CNR project SCI*SIA, and by a CNR short-term fellowship (1997). The work of the second author has been supported by DFG as part of the project fast-qual-space, which is part of the DFG special research effort on “Spatial Cognition”. We thank Brandon Bennett and the anonymous referees for their helpful comments.

References

1. J.F. Allen. Maintaining knowledge about temporal intervals. Communication of the ACM, 26(1):832–843, 1983.

2. T. Apostol. Mathematical Analysis. Addison Wesley, 1974.

3. C. Bessière. A simple way to improve path-consistency in Interval Algebra networks. In Proc. AAAI-96, pages 375–380, 1996.

4. R. Dechter. From local to global consistency. Artificial Intelligence, 55:87–108, 1992.

5. A. Gerevini and J. Renz. Combining topological and qualitative size constraints for spatial reasoning. Technical report. To appear.

6. A. Gerevini and L. Schubert. On computing the minimal labels in time point algebra networks. Computational Intelligence, 11(3):443–448, 1995.

7. M.C. Golumbic and R. Shamir. Complexity and algorithms for reasoning about time: A graph-theoretic approach. Journal of the Association for Computing Machinery, 40(5):1128–1133, November 1993.

8. L.J. Henschen and L. Wos. Unit refutations and Horn sets. Journal of the Association for Computing Machinery, 21:590–605, 1974.

9. H.A. Kautz and P.B. Ladkin. Integrating metric and qualitative temporal reasoning. In Proc. AAAI-91, pages 241–246, 1991.

10. P.B. Ladkin and R. Maddux. On binary constraint networks. Technical Report KES.U.88.8, Kestrel Institute, Palo Alto, CA, 1988.

11. G. Ligozat. A new proof of tractability for Ord-Horn relations. In Proc. AAAI-96, pages 715–720, 1996.

12. A.K. Mackworth. Consistency in networks of relations. Artificial Intelligence, 8:99–118, 1977.

13. A.K. Mackworth and E.C. Freuder. The complexity of some polynomial network consistency algorithms for constraint satisfaction problems. Artificial Intelligence, 25:65–73, 1985.

14. D.A. Randell, Z. Cui, and A.G. Cohn. A spatial logic based on regions and connection. In Principles of Knowledge Representation and Reasoning: Proceedings of the 3rd International Conference (KR’92), pages 165–176, 1992.

15. J. Renz. A canonical model of the Region Connection Calculus. In Principles of Knowledge Representation and Reasoning: Proceedings of the 6th International Conference (KR’98), pages 330–341, 1998.

16. J. Renz and B. Nebel. On the complexity of qualitative spatial reasoning: A maximal tractable fragment of the Region Connection Calculus. In Proc. IJ- CAI’97, pages 522–527, 1997. Technical Report with full proofs available at

www.informatik.uni-freiburg.de/~sppraum.

17. P. van Beek. Reasoning about qualitative temporal information. Artificial Intelligence, 58(1-3):297–321, 1992.

18. M. Vilain, H.A. Kautz, and P. van Beek. Constraint propagation algorithms for temporal reasoning: a revised report. In D.S Weld and J. de Kleer, editors, Readings in Qualitative Reasoning about Physical Systems, pages 373–381. Morgan Kaufmann, San Mateo, CA, 1990.