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Advanced Al Techniques

: ALBERT-LUDWIGS-
Tutorials UNIVERSITAT FREIBURG

e we will hand out every Thursday 1 exercise sheet with approx. 3 exercises.

e your solutions are due Thursday one week later
(hand it in to your tutor)

e every Thursday there will be (in this room)

— 13-14 tutorial group | (alternating Niels Landwehr and Sunna Torge),
— 14-15 lecture (for everybody)

— 15-16 tutorial group Il (Alexander Scivos)

¢ solutions will be corrected by your tutor

e co-operation in groups of < 3 students is encouraged (1 solution / group).

e in the tutorial solutions will be discussed you submitted the week before.

Please create student groups now and enter your names on one of the registration forms.
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3. Bayesian Parameter Estimates / Several Variables
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Advanced Al Techniques / 1. Maximum Likelihood Parameter Estimates

“ALBERT-LUDWIGS-
UNIVERSITAT FREIBURG

Given
e a bayesian network structure G := (V, E) on a set of
variables V' and

e a data set D € dom(V)* of cases.

Learning the parameters of the bayesian network
means to find vertex potentials

(pv)ve\/
s.t. some optimality criterion w.r.t. G and D holds.
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Advanced Al Techniques / 1. Maximum Likelihood Parameter Estimates

The simplest criterion is the maximum likelihood

criterion , i.e., the probability of the data given the

bayesian network is maximal:

find (p,)veys.t. p(D) is maximal,

where p denotes the JPD build from (p,)ev-

p(D) - Hp<d> - H H]%(d‘fam(v))

deD deD veV

(py)ver With maximal p(D) are called maximum

likelihood estimates

. p is also called likelihood .

% ALBERT-LUDWIGS-
UNIVERSITAT FRETBURG
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data:
XY | pi(case) po(case)
HIT | 0.25 0.25
HH| 025 0.2
T/H | 0.25 0.3
T|T | 0.25 0.25
T/H | 0.25 0.3
T/H | 0.25 0.3
HT | 025 0.25
T|T | 0.25 0.25
p(D)= 1.5259-107°]2.1093 - 10°
JPD;: JPD.:
Y= H T Y = T
X=H.25 .25 X=H|.2 .25
T/.25 .25 T/.3 .25
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Advanced Al Techniques / 1. Maximum Likelihood Parameter Estimates

% ALBERT-LUDWIGS-
UNIVERSITAT FREIBURG

Lemma 1. p(D) is maximal iff
{d € D|dl, = 2, dlyaw) = y}|
Hd €D ‘ d‘pa(v) - y}‘

(if there are d € D with d|,,.) = y, otherwise p,(z|y) can
be choosen arbitrarily — p(D) does not depend on it).

po(zly) =

Instead of the likelihood p often log p is used, called
log-likelihood
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Advanced Al Techniques / 1. Maximum Likelihood Parameter Estimates I
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Proof. Due to independence of the is maximal. As beneath p,(z|y) € [0, 1]
cases and the factorization of the JPD | the only constraint to p,(x|y) is
in bayesian networks, p(D) factors as
Y D) > plely) =1
- H p<d> - H Hpi)(d‘fam(v)) yedom(pa(v))
deD deDvev we have with an arbitrary
= H H pu(d) Yo € dom(pa(v))
’Uev d€D| amlv n .1
) 1T »olalyety

which is maximal if forall v € V/ yedom(pa(v))

Y#Y0
D) = H pv(d> .(1 . Z pv<x|y)>nD(ﬂ%yo)

d€D|fam
€dom(pa(v))
= 1T I wlalyet "
xedom(v) yedom(pa(v)) Taklng IOgaritth we get
is maximal, with count data Z np(z,y)log po(z|y)
np(x,y) = |{d € D|d|, = z,d|,aw) = y}| yedorr;(pa(v))
Y#Yo
py In turn is maximal if for all x € dom(v) np(e, yo) log(1 — Z po(]y)
np(z.y) om(pa(v
H po(zly) Pt yEdy%(zfo( !
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Advanced Al Techniques / 1. Maximum Likelihood Parameter Estimates

Summing over j = 1, . UNI

Let dom(pa(v)) := {yo,...,yn} @n n n n
‘ 05 ) N
enumeration and write x; := (z,y;), ZP«L' = (Z n—;)(l - Zpi)
pi = po(x|y;) and n; := np(z,y;), then i=1 i=1 i=1
we can simplify notation to Solving for ", p; yields
n n
n n
L(p) =Y nilogp;+nolog(1— Y pi) S = 2o M
, : Di n
i=1 i=1 P ng + Zizl n;
To be minimal, derivative has to vanish: o o _
aL 1 1 ' and substituting this in the equations for
T =Nj— N5 —— =0 ; finally yields
op; by 1=3lLipi By ALY Y
which yields n; ‘ n,;
n p]:_j<1_zpl>: jn
pj=—l= Pi
J no P g D
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable
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Simplest case:

e One variable X,

e varable is binary (= 2 states, Hand T)
~» 1 parameter 6.

| H | T |

‘ theta ‘1—theta ‘
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

_ _ ALBERT-LUDWIGS-
Example [: flip a coin UNIVERSITAT FREIBURG

We flip a coin with possible outcomes head (H) or tail (T).

actual sample:

actuall H T HHH

parameter estimation:

4
X =H)=-=038
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

) . . inge> ALBERT-LUDWIGS-
Requirements for Parameter Estimation (1/3) UNIVERSITAT FREIBURG

1. Be able to combine
e prior / background knowledge  with

e actual observations /new data
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

_ “ALBERT-LUDWIGS-
Example II: "flip a cat" UNIVERSITAT FREIBURG

We observe cats falling from window seats with possible
outcomes

e lands on its paws (P) or

e does not land on its paws (—P)

actual sample:

actual -P P -P -P —-P

parameter estimation:

4
X =-P)=-=038
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

. . . inge> ALBERT-LUDWIGS-
Requirements for Parameter Estimation (2/3) UNIVERSITAT FREIBURG

2. Be able to express different prior probabilities:
e all events have same prior probability (e.g., coin, dice)

e each event has a specific prior probability
(e.g., cats landing on paws vs. not).
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ST

Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable @
: _ _ - ALBERT-LUDWIGS-
Requirements for Parameter Estimation (3/3yNIVERSITAT FREIBURG

3. Be able to express different strengths of prior believes

strong prior believes: weak prior believes:

Many contradicting actual Already a few contradicting actual

observations are necessary to observations are sufficient to

overwrite prior believes. overwrite prior believes.

"l am quite sure in advance." "l guess, but really do not know in
advance."

Wolfram Burgard, Luc de Raedt, Bernhard Nebel, Lars Schmidt-Thieme, Institute for Computer Science, University of Freiburg, Germany,
Course on Advanced Al Techniques, winter term 2004 13/40



Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

. . . inge> ALBERT-LUDWIGS-
A Simple Model for Prior Believes UNIVERSITAT FREIBURG

We model

e prior probabilities by a probability distribution pyyior-
e the strength of the prior believes by a prior sample size  nyyior.
L Tprior Nactual A

p = Dprior T Pactual
Nprior + Nactual Nprior + Nactual

Prior sample size quantifies, how many actual observations we
need s.t. prior and actual estimates have the same influence on
our final estimates.

Wolfram Burgard, Luc de Raedt, Bernhard Nebel, Lars Schmidt-Thieme, Institute for Computer Science, University of Freiburg, Germany,
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

actual sample: H T |
actual H T HH H Pprior| 0.5 0.5
Nactual = O
H T
Pactual | 0.8 0.2 Nprior = 10

combined estimate:

N Tprior Nactual .
= Dprior T Pactual
Nprior 1 Nactual Nprior T Nactual

10 !
=—-05+—=-08=0.6
15 15

H T
5 06 0.4

Wolfram Burgard, Luc de Raedt, Bernhard Nebel, Lars Schmidt-Thieme, Institute for Computer Science, University of Freiburg, Germany,
Course on Advanced Al Techniques, winter term 2004 15/40



Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

@4 ALBERT-LUDWIGS-
Prior Sample Size UNIVERSITAT FREIBURG

Prior sample size can be understood literally as
the size of a prior sample
that we combine with the actual sample for our estimations.

actual sample: H T
actuallH THHH Pprior 0.5 0.5
Nactual = 5 nprior = 10
H T ~~ prior sample:
) 0.8 0.2 :
Pactua piorf HHHHHTTTTT

combined sample:

combined HHHHHTTTTT/HTHHH

B TV TV
prior sample actual sample
Wolfram Burgard, Luc de Raedt, Bernhard Nebel, Lars Schmidt-Thieme, Institute for Computer Science, University of Freiburg, Germany,
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable %
¢ ALBERT-LUDWIGS-
Prior Sample Size UNIVERSITAT FREIBURG

But,

e not all prior probabilities and prior sample sizes can be
expressed equivalently as prior samples, e.g.,

H T -
Pprior | 0.5 0.5 Nprior =

e prior sample size also can be choosen as fractional value, e.g.,

Nprior = 0.1

Wolfram Burgard, Luc de Raedt, Bernhard Nebel, Lars Schmidt-Thieme, Institute for Computer Science, University of Freiburg, Germany,
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

#%> ALBERT-LUDWIGS-
UNIVERSITAT FRETBURG

So far, if we specify

H T 10
Pprior | 0.5 0.5 Mtprior =
then ...
... for the discrete attribute X in our ... for the parameter © := pyior(X = H)
model

we specify its expected value 6 = 0.5.
we specify its prior distribution

pprior(X)
consisting of

Wolfram Burgard, Luc de Raedt, Bernhard Nebel, Lars Schmidt-Thieme, Institute for Computer Science, University of Freiburg, Germany,
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable (-
_ . %" ALBERT-LUDWIGS-
Prior Parameter Distribution UNIVERSITAT FREIBURG

Is the prior distribution pyrior(X) / €xpected parameter
value 6 sufficient to answer more complex queries?

E.g., what is the prior probability that a coin is fair to
some extent, i.e.,# > 0.4and 0 < 0.6 ?

p(©)dO

0.6
0.4

~» we need to specify a prior distribution p(©) of the
parameter 6 itself !
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o

Figure 1: p(©) = (355(0): we expect the true
parameter to be at 0.5.

#% ALBERT-LUDWIGS-
UNIVERSITAT FRETBURG

0 0.2 0.4 0.6 0.8 1
theta

Figure 2: p(©) = (§5.5(0): we expect the true
parameter to be at 0 or at 1.

6=05 H=05
0.6 0.6
0.4 oA
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o ALBERT-LUDWIGS-
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DATA
d

= [y}
e NG

UPDATE

o
T R T LS LI T B |

o

o
o
N}
o
IS
o
o
o
e
-

prior distribution
p(Theta)

N}
= () . w
L1191y

=
IR B RN RS R A |

o
S LI I

o
ougL 11
o
N}
o
o~
o
o
o
[e)
-

a posterior distribution
p(Theta | d)
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

% ALBERT-LUDWIGS-
UNIVERSITAT FRETBURG

Compute the expected value ¢ of its a posterior

distribution

Ovmap = E
called maximal a posterior estimator (MAP)

Use Bayes’ formula:

(p(6]d))
of ©.

_ pld]0)p(0)
plO1d) ==—"7
p(d|0) =[] 0% (1 - 0)’=r

rEd

_ glaedla=m|(y _ g)ltred| =T}
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actual sample:

“ALBERT-LUDWIGS-
UNIVERSITAT FREIBURG

actuall H T HHH
p(d|0) = glredlz=H}(q _ gyH{zed|2=T}] p(0) = B55(0)
= 0*(1—0)
Computing expectation of
p(0]d) = p(d|0)p(0) _ 0" (1—0)" B55(0)
p(d) p(d)

leads to

pmap = 0.6

0.4

0.6 0.8 1
theta
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

" ALBERT-LUDWIGS-
UNIVERSITAT FRETBURG

For general priors, we have to solve a 1-dimensional integration problem:
d|9)p@) 6*(1—0)po
b0 ) < PALOPO) _ 81— 0)' (o)
p(d) p(d)
where s .= |[{x €d|x=H} andt:=|{x € d|z=T}|

nice:

e Problem depends on the data only via summary statistics s, ¢.

not so nice:

e Complicated priors p(f) may not have analytical solutions.
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

L ALBERT-LUDWIGS-

Gamma function UNIVERSITAT FREIBURG
Definition 1. Gamma function
['(z) = /tx_le_tdt
0 8
converging for x > 0. i
Lemma 2 (I' is generalization of ]
factorial).
(i) I'(n) = (n—1)! forn € N, ° : ; ; x w
o D(etl) ’
(i) O
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable | i

) 8L ALBERT-LUDWIGS-
Beta function UNIVERSITAT FREIBURG

Definition 2. Beta function
I'(x+y
Bz, y) = ( )

['(2)l(y)
defined for z,y > 0.

Lemma 3 (5 is generalization of
binomial).

n
B(n—m,m) = forn,m € Nyn>m
m

Wolfram Burgard, Luc de Raedt, Bernhard Nebel, Lars Schmidt-Thieme, Institute for Computer Science, University of Freiburg, Germany,
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

. . . ~ ,/“ALBER_.T-LUD\X/IGS-
Beta distribution (1/2) UNIVERSITAT FREIBURG

Definition 3. Beta distribution has density
1

. a—1 b—1
Bap(x) = A b>x l—x
a?
defined on [0, 1].

] )
12] i 3
101 B 2.

4 1.5

. 1 2

1 1

o1 ] 1.

i : 1

E

] 0.5

4 - 0.

21 4

] [0/ o e s e S L A A R N N L | [0 s e e e . e e e L e LA
0 0.2 0 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

theta theta
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

£ ALBERT-LUDWIGS-

Beta distribution (2/2) UNIVEKSITAT FREIBURG
Lemma 4. .
(0
(Bapl®) = ——
Proof.

—0)"do

O\H

ﬁ

a—l—l b)
/ﬁaJrlb

F(a+ ) T(a+b)
['a+b+ ) (a)L'(b)

a
a+b
Wolfram Burgard, Luc de Raedt, Bernhard Nebel, Lars Schmidt-Thieme, Institute for Computer Science, University of Freiburg, Germany,
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable ‘
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Lemma 5 (beta is conjungated prior for binomial samples). For a beta prior,
the a posterior again is beta:

p(O]d) = Bsrarss(0)
for pprior(f) = Bap(0) and s .= |[{z e d|x = H}| and t .= [{x € d|z =T}|.

Proof.
p(d) = E(6°(1 - 0)")
plo]d) =22 - / (1~ 0)'ds
_ s(1 _ N\t 1 a1 _ n\b T
0/9(1 O g1 = 0"
p(d|0)p(6) = 6" (1 6)" p(6) _ S+a t+b
=0 (1-9)' 3400 / T
— 95 (1 — a=1 (1 _ g)br! 6(s+a,t+b)
Z(“ 9 Al ML N 3a.b
s+a,t+
- B(a,b) Bsvars(F) g PAO)pO) ()
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

> ALBERT-LUDWIGS-

Summary UNIVERSITAT FREIBURG

If we choose a beta distribution as prior, i.e.,

p<9> = 5@,1)(9)

then we can compute the a posterior analytically:

p(9 ‘ d) = ﬁera,ter(e)
and by taking expectations, compute parameter values
also analytically:

) S+ a
Omap = E(p(0 | d)) = E(Bstat+(0)) = s+a+t+b
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ALBERT-LUDWIGS-
UNIVERSITAT FREIBURG

A closer look at

é . S+a
M st a+t+b
With 4
Oprior := . Mprior :=a—+b
prior atb prior
and
0 i +t
actual s+ 4’ actual
we have exactly
) Tpri Nactual A
Omap = R Oprior + == Oactual
Nprior + Nactual

Nyprior + Nactual
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

#% ALBERT-LUDWIGS-
UNIVERSITAT FRETBURG

@ beta(5,5)

H T

| | |
° ‘ theta ‘1—theta ‘
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

; ALBERT-LUDWIGS-
UNIVERSITAT FREIBURG

DATA  |H|T|H|HH

SUFFICIENT STATISTICS

@ beta(5,5)

H T

| | |
° ‘ theta ‘1—theta ‘
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

% ALBERT-LUDWIGS-
UNIVERSITAT FRETBURG

DATA  |H|T|H|H|H

SUFFICIENT STATISTICS

@ beta(5,5)

H T

| | |
° ‘ theta ‘1—theta ‘

@ beta(9,6)

H T

| | |
° ‘ theta ‘1—theta ‘

UPDATE
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Advanced Al Techniques / 2. Bayesian Parameter Estimates / One Variable

"ALBERT-LUDWIGS-
UNIVERSITAT FREIBURG

DATA  |[H|T|H|H|H

SUFFICIENT STATISTICS

@ beta(5,5)

H T

| | |
° ‘ theta ‘1—theta ‘

@ beta(9,6)

H T

| | |
° ‘ theta ‘1—theta ‘

ARGINALIZE TO EMBEDDED BN

UPDATE
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1. Maximum Likelihood Parameter Estimates

2. Bayesian Parameter Estimates / One Variable

3. Bayesian Parameter Estimates / Several Variables

Wolfram Burgard, Luc de Raedt, Bernhard Nebel, Lars Schmidt-Thieme, Institute for Computer Science, University of Freiburg, Germany,
Course on Advanced Al Techniques, winter term 2004 33/40

Advanced Al Techniques / 3. Bayesian Parameter Estimates / Several Variak

% ALBERT-LUDWIGS-

More than one variable UNIVERSITAT FREIBURG
beta(1,1)
H T

| | |
‘ theta ‘1—theta ‘

beta(1,1) beta(1,1)

X
Y= H| etal eta2
T

1-etal | 1—-eta2
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Advanced Al Techniques / 3. Bayesian Parameter Estimates / Several Variak
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beta(1,1)
H T

theta |1-theta

beta(1,1) beta(1,1)

= H T

X
Y= H| etal eta2
T

1-etal | 1-eta2

Parameter priors are independent (as roots in a BN):

e priors for parameters of different variables (e.g., 8 and
{m,n2}; global parameter independence )

e as well as priors for different parameters of the same
variable (e.g., 7, and 7; local parameter
independence ).
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Lemma 6 (global and local parameter posterior independence).

L

p(011,012, - Ong, | d) = ] ] [ p(0is 1)

i=1 j=1

Proof see Theorem 6.12, p. 337 of Neapolitan.

This means:

e We can compute each parameter on its own.

e same technique as for one parameter seen before.
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Definition 4. Let j,, ., ; the priors in an augmented BN
G=1,....n;5=1,...,q).
If there is a number N with

a;j+bij=ppa; ;) N

for all 7 and j, the BN is said to have equivalent sample
size N.

If all variables are binary,
use equivalent sample size 2 to express an uninformative
prior.
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So far we have looked at

e one binary variable (i.e., having two different values)
and

e several binary variables

Now we look at

e one or several multinomial variables (i.e., having n
different values)
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Definition 5. Dirichlet distribution  has density

Dira‘17a‘27'--7a’n(x17 [’U27 st 7:’(’,77/—1) =
F(al +ag+ ...+ an) a—1 _ay—1 ay1—1 _
T T R A l—21 — 29 — — Tpy1) "
F(CLl)F((IQ) e F(CLn) 1 2 n—1 ( 1 2 n 1)

defined on {ZE € [O, 1]n—1 ‘ 1+ a0+ -+ 21 < 1}.

Dirq 11 Dirg o9 Dirg 34
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For the special case of a binary variable (n = 2):
Dil“alm(x) = ﬁa1,02<$>

Lemma /. Fori=1,..., n:

a;
E ir XZ -
D ay a2‘...,an( > ay + a9 +.---4 Tn
(where X,, =1 - X1 — Xo — ... — X, 1).
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Lemma 8 (Dirichlet is conjungated prior for multinomial
samples). For a Dirichlet prior, the a posterior again is Dirichlet:

p(e | d) - Diral+51aa2+52»~-~:an+5n<9>
for ppnor(e) == Dil"al’a27m7an((9> and SZ = ‘{SC E d ‘ xXr = Z}l (Z = 1, e 7n)

This means:

e \We can compute each parameter estimate by counting,
as in the binary case.

e Due to global and local posterior parameter independence,
we can estimate each parameter on its own.

~» same procedure as for binary variables seen before.
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