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Abstract. TheDoubleCrosscalculushasbeenproposedfor thepurposeof nav-
igation basedon qualitative information aboutspatialconfigurations.Up until
now, however, noresultsaboutalgorithmicpropertiesof thiscalculusareknown.
First,we explorethepossibilityof applyingconstraintpropagationtechniquesto
solvethereasoningproblemin thiscalculus.For thispurpose,wehaveto general-
ize theknown techniquesfor binaryrelationsbecausetheDoubleCrosscalculus
is basedon ternaryrelations.We will show, however, thatsucha generalization
leadsto problems.The DoubleCrosscalculusis not closedundercomposition
andpermutation.Further, aswewill show, thereexistsnofinite refinementof the
baserelationswith sucha closureproperty. Finally, we show that determining
satisfiabilityof constraintsystemsover DoubleCrossrelationsis NP-hard,even
if only thebaserelationsof theDoubleCrosscalculusareused.On thepositive
side,however, we show thatthereasoningproblemis solvablein PSPACE.

Keywords: languagesof spatial relations,spatial and temporalreasoning,incompleteor im-
precisespatialknowledge,qualitative spatialreasoning,constraintpropagation,ternaryrelation
systems

1 Intr oduction

Representingtemporalandspatialinformationandreasoningaboutthis informationis
an importantsubproblemin many applications,suchasgeographicalinformationsys-
tems(GIS),naturallanguageunderstanding,anddocumentinterpretation.Oftenthisin-
formationis only availablequalitatively, for instancewhena naturallanguagesentence
or a GIS queryhasto be interpreted.In this case,qualitative approachesto reasoning
aboutspaceandtimehave to beused.

Meanwhilethereexist a numberof qualitative temporalandspatialcalculi, suchas
Allen’s [1] interval calculusfor reasoningabouttime, a calculusfor reasoningabout
qualitative directions[4], anda calculusfor reasoningabouttopologicalrelations[2,
21]. For all of thesecalculi, their computationalcomplexity hasbeenanalyzed,com-
putationallytractablefragmentshave beenidentified,andalgorithmshave beenspec-
ified [27,13,20,19,15,9,24,23], which arevariationsof Ladkin andReinefeld’s [13]
schemeof usingbacktrackingemployingthepath-consistencyalgorithm [17] asa for-
wardcheckingtechnique.



Anotherqualitativespatialcalculusis Freksa’s[5, 6,28]calculusfor reasoningabout
orientation.In contrastto thecalculi mentionedabove, almostno formal propertiesof
this calculusareknown. In particular, no resultsaboutdecidabilityandcomplexity are
known,a topicwe will addressin thispaper.

Freksa’scalculus,whichisoftencalledDoubleCrosscalculus, allowsoneto specify
thequalitativepositionof onepoint with respectto anorientedline segment.With this
calculus,pathdescriptionscanbecombinedandevaluated:

1. From � go to
�

andmakearight turn aimingforwardto a point � .
2. From

�
gototo � andmakea (perpendicular)right turngoingto � .

Fromthesetwo descriptions,it is possibleto infer that � and � cannotbeidentical(see
Figure1).
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Fig. 1. Examplefor usingqualitative pathinformation

As is evident from theexampleabove, theDoubleCrosscalculususesternary re-
lations betweenpoints,which distinguishesit from the qualitative calculi mentioned
above wherebinaryrelationsbetweentheobjectsof interestareused.For this reason,
thestandardtechniques(suchasusingthepath-consistency algorithm[17]) do not ap-
pearto be applicableto the DoubleCrosscalculus.However, thereis, of course,the
hopethat suitablegeneralizationswill provide us with methodsfor decidingseman-
tic propertieswith simplesyntacticoperations– perhapson a fragmentof the whole
calculus.

Theremainderof thepaperis structuredasfollows. In thenext sectionwe present
thecalculus.In thefollowingSection3,weuseageneralizationof techniquesdeveloped
for binaryconstraintsystemsto ternarysystems[10] andshow that theDoubleCross
calculusis notacalculuswith afinite setof atomicrelations.In Section4, weshow that
theDoubleCrosscalculusis computationallyinherentlydifficult. Eventheproblemof
decidingsatisfiabilityfor a constraintsystemcontainingonly baserelationsis already
NP-hard.Finally, in Section5 we show thatreasoningin thecalculusis decidable—in
fact,reasoningis in PSPACE.

2 The Double-CrossCalculus

Freksa[5] tried to identify anabstractvocabulary to expressthequalitativeinformation
an observer hasin a spatial(2-dimensional)situation.He arguesthat relative spatial
orientationanda front/backdichotomyarenaturalqualitativedimensions.Theseideas
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Fig. 2. The15baserelationsof theDoubleCrosscalculus

ledhim to developwhatis now calledtheDoubleCrosscalculus,in which threepoints
arerelatedby oneof 15 baserelations(seeFigure2).

Startingfrom observerposition � andlooking to location
�
, onecandescribequali-

tatively thepositionof alocation � .1 In Figure2, thislocationis to theleft of theoriented
line givenby � ��� �	� andon a line thatis perpendicularto � ��� �	� goingthrough

�
. Sucha

configurationis describedusingtherelation
� �

(left-perpendicular).Similarly, weuse

–
� �

(left-forward) to describeconfigurationswherepoint � is left of � ��� �	� and “in
front of” theperpendicularline goingthrough

�
,

–
��


(left-center)to describeconfigurationswhere � is left of � ��� �	� andbetweenthe
two perpendicularlinesgoingthrough� and

�
,

–
�
�

(left-line) to describeconfigurationswhere � is left of � ��� �	� andon theperpen-
dicularline goingthrough � , and

–
���

(left-back)to describeconfigurationswhere � is left of � ��� �	� and“in theback”
of theperpendicularline goingthrough � .

Configurationswherepoint � is on the orientedline given by � ��� �	� aredescribedus-
ing the relations

���
(straight-front),

���
(straight-second-point),

��

(straight-center),

���
(straight-same-location),and

���
(straight-back).Furthermore,the relationsfor config-

urationswhere � is right of � ��� ��� arenamedin a similar manneras the relationsde-
scribingthesituationswhen � is on the left side.Finally, sincewe wantto describeall
configurationswith threepointsinvolved,we will alsoconsiderthepathologicalsitua-
tion when ��� �

, which givesus two additionalrelations: �	� when ��� � � � and ���
when ��� ���� � . Theresultingsetof 17 ternaryrelationswill bedenotedby  in the
sequel.

In generalwe will usethe notation !"� ��� �$# � � in order to expressthat the points� , � , and � arein relation ! . Further, we will alsoconsiderunionsof relationsin order
to expressincompleteinformation.Suchunionswill beexpressedby writing thesetof
relationsthatareusedin theunion.For example, % � �'&(���'&(���*) � ��� � � � � expressesthat � is in
front of theperpendicularline goingthrough

�
. Thesymbol + denotesthespecialuni-

versalrelation thatis theunionof all relations(andthereforedoesnot restrictanything
atall). Thesymbol , denotestheempty, impossiblerelation.Thesetof all -/.10 possible
relationsincluding + and , is denotedby  32 .

1 We assumethatall pointsareelementsof 4 576 .



A set 8 of atomicformulaeusingrelationsfrom  32 over a setof (implicitly) exis-
tentiallyquantifiedvariablesis calleda constraint system. For instance,

8 � % ��� � ��� �9# � � � �	� � � � � # � � ) �
is sucha constraintsystemover thevariables��� � � � � and � . A solutionof a constraint
systemis aninstantiationof all variablesto objectsof interest,i.e. in our casepointsin: ;=<

, suchthatall atomicformulae(constraints)aresatisfied.For instance,a solutionof8 wouldbe % �>� ��? � ? � � � � �@? �BA � � � � � AC� - � � � � �@- �BA � ) .
The computationalproblemwe are mainly interestedin is to decidesatisfiability

of a constraintsystem8 .2 For example,giventhe two descriptionsin theIntroduction% ��� � ��� �9# � � � �	� � � � � # � � ) , we wantto know whetherthis setis satisfiableif we identify� with � , i.e., if we add �	��� ��� � ��D � . This meanswe want to decidethesatisfiabilityof
theconstraintsystem

8FE � % ��� � ��� �=# � � � �	� � � � � # � � � �	�	� ��� � �GD � )"H

3 Generalizing Binary Constraint Systems

Sincethe Double Crosscalculusis similar to other qualitative calculi, it seemsrea-
sonableto try to adapttechniquesusedin this context to the DoubleCrosscalculus.
Althoughtheotherqualitativecalculi addressquitedifferentaspectsof timeandspace,
their formal framework is very similar. A finite setof jointly exhaustiveandpairwise
disjoint (JEPD), binary relationsis usedto describethe relationshipsbetweentheob-
jectsof interest.Unionsof suchrelationscanbeusedto assertincompleteinformation.
Suchdescriptioncanbeinterpretedasbinary constraint problems, wherewe have infi-
nite domainsfor thevariables.Interestingly, for all of theabove mentionedcalculi, the
JEPDrelationsareatomsof a relationalgebra[12].

The algorithmic techniqueusedto dealwith suchconstraintsystemsis the path-
consistencyalgorithm [17]. This algorithmcanbeusedto transforma givenconstraint
networkinto amorerestrictedonethatis equivalentto theoriginalonein thesensethat
it hasthesamesolutions.Themainideais to applytheoperationsof composition, con-
version, andintersectionto aconstraintsystemuntil afix-point is reached.Furthermore,
thepath-consistency algorithmis usuallyrefutation-completefor fragmentsof thecal-
culi mentionedabove. In particular, for all the calculi mentionedin the Introduction,
thepath-consistency algorithmis refutationcompletefor thesetof relationscontaining
only thebaserelationsandtheuniversalrelation + [26,15,18].

As mentionedalready, theabove techniquesarenot immediatelyapplicableto the
DoubleCrosscalculus,becauseit usesternaryrelations.However, onemayhopethat
a suitablegeneralizationis. Onepossibleway to go is to generalizecompositionand
conversionoperations[10]. Thenext questionwill thenbeif we getinterestingproper-
ties(suchas I -consistency and/orrefutation-completeness)whenwe closea constraint
systemundertheseoperationsandintersection.

2 The reasonfor our interestin satisfiabilityis thatall other interestingreasoningproblemsin
thecontext of CSPscanbereducedin polynomialtime to satisfiability[8].



3.1 Permutations

Consideringfirst the converseof relations(exchangingthe argumentsof a binary re-
lation), it is obvious that we now have more than one way to exchangearguments.
Becausewehavethreearguments,wehave JLK �NM possiblewaysof arrangingtheargu-
ments.Following ZimmermannandFreksa[28], we usethefollowing terminologyand
symbolsto referto thesepermutationsof thearguments� ��� �9# � � :

term symbolarguments
identical ID ��� �9# �
inversion INV

� ��� # �
shortcut SC ��� � #C�
inverseshortcut SCI � ��� #C�
homing HM

� � � # �
inversehoming HMI � � �=# �

Theinversionof arelationis exemplifiedin Figure3,demonstratingthatINV � �	
 � ���

.
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Fig. 3. INV of the
��


relation

Takinga closerlook at the permutations,it turnsout that the  O2 relationsarenot
closedunderpermutationsin thefollowing sense.For somerelation !QP$ O2 andsome
permutationR , thereis no relation ! E PS O2 suchthat RT��! � � ! E .

The original calculusasproposedby Freksa[5] usingonly 15 relations(without��� and �	� ) is not closedunderpermutationssinceHM(
���

) � ��� . However, even with
theserelations,thesetof relationsis not closed.Takefor exampletherelation

� �
. If we

considerthe short cut of this relation SC � � � � , then the threepointsmust be in the
�	


relation(seeFigure4). In otherwords,we have SC � � � �9U �	

. However, therearesome

elementsin
��


which arenot in SC � � � � . For example,we have
��
 �WVX? � ?CY � VZ? � -CY # VX- ��A Y � ,

but we do nothave
� � �WVX? � ?CY � VZ- ��A Y # VX? � -[Y � .

Proposition 1. The  O2 relationsare not closedunderpermutations.

It is possibleto refine the baserelations[14], andwith this refinementthe setof 32 relationsbecomesclosedunderpermutations.The main ideais to introducenew
relationsthat makefiner distinctionsfor the

��

and

��

relations(seeFigure 5). The

relation � ��
 holdsif point � is betweenthetwo perpendicularlinesandoutsidethecircle
going through � and

�
, \ ��
 holds if � is on the circle, and ] ��
 holds if � is inside the
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Fig. 5. Refined_ relations:̀>_
circle. Similarly, we makethe correspondingdistinctionson the right side.With this
refinement,thesetof relationsis closedunderpermutations.We call therefinedsetof
baserelations ab andthe setof relationsresultingfrom all possibleunionsof base
relationsab 32 .

Proposition 2. The ab O2 relationsare closedunderpermutations.

3.2 Compositions

With ternaryrelations,onecanthink of differentwaysof composingthem.However,
thereareonly afew waystocomposethemin awaysuchthatwecanuseit for enforcing
local consistency[16]. In trying to generalizethepath-consistency algorithm[17], we
want to enforce“4-consistency.” A constraintsystemis called I -consistentif f for all
subsetsof I variablesany instantiationof Idc A variablesthat satisfiesall involved
constraintscanbeextendedto aninstantiationof the I variablessatisfyingall involved
constraints.

For this reason,let usconsiderthe compositionof relations! . and ! < , in symbols! .fe ! < , definedasfollows:3

g ��� � � � # �@! . e ! <
� � ��� �9# � �ihkj � # ! . � ��� �9# � �fl ! < � ��� � # � � H

3 Note that this kind of compositionoperationis identicalto theonedefinedby Isli andCohn
[10] for ternaryrelationsystems.



This is not theonly possibleway to composetwo ternaryrelations.However, all other
“reasonable”waysto composetwo ternaryrelationscanbeexpressedby a permutation
of composingtwo permutationsof relations.

Let usnow assumethatwehave givenaconstraintsystem8 . Further, let 8Qm denote
this constraintsystemclosedunderintersection,permutation,andcompositionasde-
finedabove.Thismeansthatfurtherapplicationof intersection,permutation,or compo-
sitiondonot leadto deriving anew constraint(seetheconstraintpropagationalgorithm
by Isli andCohn[10]). Then,we know that 8>m is 4-consistent.This follows from the
factthattherelationbetweenany threepoints ��� � � � hasbeenintersectedwith any com-
positionover a fourth point � , which implies thatwe canextenda given instantiation
of ��� � � � satisfyingall constraintsto aninstantiationof ��� � � � and � withoutviolatinga
constraint.

However, how dowe compute8Qm ?Providedthecompositionof two relationsfromab 32 is a relationin ab 32 , this is an easy(spell polynomial)problem.Unfortunately
though, ab O2 is not closedundercomposition, i.e., thereexist two relations ! . � ! < Pab 32 suchthat �@! . e ! <

�=�P�ab O2 .

3.3 Closing npo�q under Composition

If we considertherelation �1\ ��
 e \ ��

�
, it turnsout thatthereis no relationin therefined

calculusab 32 thatis identicalto thisrelation.Fromthesketchin Figure6, it is obvious
thatby varying thepositionof point � , point � caneitherbe left of � ��� �	� betweenthe

b

a

c

d

Fig. 6. Composing\ ��
�rts"uZviw'x	y and \ ��
�rts"uZxzwB{Cy .
two perpendicularlinesgoingthrough � and

�
(
��


), left of � ��� �	� andon the line going
through � (

�
�
), or left of � ��� �	� and in the back of the line going through � (

���
). In

otherwords,we have �1\ ��
 e \ ��

�iU % �
�^&|���C&}��
�) . However, % �
�^&~���C&}��
�) is not identicalto�1\ ��
 e \ ��


�
. Therearepoints � suchthat for

�
� � ��� �b# � � theredoesnot exist any point� with \ ��
 � ��� �b# � � and \ ��
 � ��� � # � � . Any point � on the line through � that is farther
away thanhalf thedistancebetween� and

�
hasthisproperty.

In otherwords,in orderto completeour relationsystemab 32 , we mustintroduce
anotherrefinementthat distinguishesbetweenpointson the line through � according
to whetherthey arecloseto � or far away from � . In particular, the relation �1�*\ ��
 e\ ��
 �f� �
� � � ��� � � � � denotes—forgiven � and

�
—thepoints � on theline through � on the



left sideof � ��� ��� andat mosthalf of the distancebetween� and
�

away from � . We
usethesymbol

��
�� \ � ���(? H(��� to denotethis relation.Similarly, we introducethe relation�	
�� \ � ���(? H(��� for thepointson theright sideof � ��� �	� . Unfortunately, however, this does
not help to completethe relationsystemsincewe may be forcedto makeeven more
refinements.In fact, thereis no finite refinementof the relationssystemab 32 that is
closedundercompositionandintersection.

Theorem 1. Theab 32 relationsarenotclosedundercompositionandintersectionand
there existsno finite refinementof theserelationswith thatproperty.

Proof. Usingtherelations
��
�� \ � ��� ? H(��� and

�	
�� \ � ���(? H(��� , we will show thatwe canmake
evenfinerdistinction.In particular, we show thatfor any relation

��
�� \ � ���(!��C- � , with ?Q�!F� A , we canconstructanew relation
��
�� \ � ���(!��[� � usingcompositionandintersection.

Assumethat there exists the relation
��
�� \ � ���(!��C- � for some ?���!�� A . Then� ��
�� \ � ���(!��C- � e �	
�� \ � ��� ? H(���

�z� ��

denotes—forfixed first and secondargument—all

pointson the line betweenthe first andsecondargumentthat are at most !���� away
from the first argument. Figure 7 illustrates this fact. With

��
�� \ � ���(! � � ��� � � � � and

d

ec a

b

r

Fig. 7. Constructing
��
�� \ � ���(�	���	� from

��
�� \ � ��� ���B���

�	
�� \ � ���(? H(��� � ��� � � � � we get for fixed ��� � all points � on the line from � to
�

that are
atmost !���� away from � .

Using now �1� ��
�� \ � �[�(! � e ��
�� \ � ���(? H(�'�
�|� ��
 � � ��� � � � � and

��
�� \ � �C�(? H �'� � ��� � ��D � , we see
that—forfixed ��� � —wegetall left points D ontheline goingthrough� thatarenomore
that !��C� away from � . In symbols,we have:

��
�� \ � �[�(!��C� � � �1�*� ��
�� \ � �C�(!��C- � e ��
�� \ � ���(? H(�'�
��� ��
 � e ��
�� \ � �[� ? H(���

��� �
�^H
Thismeansthatthereis aninfinite numberof refinementsof

��
�� \ � �C�(!��C- � andhencethere
cannotexist a finite setof baserelationsclosedundercompositionandintersection. �



This is very badnews, indeed.Froma technicalpoint of view it meansthatthere-
lation algebrais infinite. In particular, it rulesout any backtrackingapproach,where
we considerall constraintsystemsresulting from refining all constraintsto atomic
relations—relationsthatcannotbefurtherrefined—andtestingtheseatomicconstraint
systems[13].

Onepossiblewayto dealwith thisproblemmightbeto consideraweakernotionof
composition.Wedefinetheweakcomposition! .�� ! < � ! to bethemostspecificrelation!QPSab 32 with !Q��! .�e ! < .” It mustbenoted,however, thattheclosureof a constraint
systemunderthis weakcompositionoperation, permutationsandintersectiondoesnot
entail4-consistency. Nevertheless,theremight bethehopethata constraintsystemin
which all constraintsarebaserelationsandwhich is closedundertheabove operations
is asatisfiableconstraintsystem.In thiscase,LadkinandReinefeld’s[13] backtracking
approachcould be usedto determinesatisfiability. As we show below, however, this
hopeis unfounded.

4 Computational Complexity

In almostall qualitative calculi that have beeninvestigatedso far, thereexists some
non-trivial fragmentcontainingall thebaserelationsandtheuniversalrelationsuchthat
satisfiabilitycanbedecidedin polynomialtime [20,15,24]. Canwe expectsomething
similar for theDoubleCrosscalculus?

As it turnsout, this is not thecase.Even if we consideronly CSPsover
���

andthe
universalrelations+ , thesatisfiabilityproblemis alreadyNP-hard.Thereasonis that
with

���
we can relatethreepoints on a line sayingonly which point must be in the

middle.Thisenablesusto encodethe“betweeness”problem.

Theorem 2. Satisfiabilityof constraint systemsover % ��� � + ) is NP-hard.

Proof. TheBETWEENNESS problem[7, p.279]canbestraightforwardlyreducedto the
problemat hand.Thisproblemis definedasfollows.Givena finite set � , a collection�

of orderedtriples � ��� � � � � of distinctelementsfrom � , is thereaone-to-onefunction�=# � ��% A[� - �B� HBH�H ��� � � ) suchthat for each � ��� � � � � P �
, we have either

� � � � �� � �	� � � ��� � or
� ��� � � � � �	� � � � � � ?

Givenaninstanceof BETWEENNESS, weconstructaconstraintsystem8 asfollows.
For each��Pp� , we add

��� ��  ��¡L� � � to 8 , where   and ¡ aretwo fixed elementsnot
in � . This enforcesthat all � are on a line. Now we add

��� � ��� � � � � for eachtuple� ��� � � � � P �
. Now it is obvious that 8 is satisfiableif f thereis a function

�
with the

desiredproperties,i.e., theconstructionis a polynomialtransformation,which proves
theclaim. �

So,we cannotexpecta tractablefragmentcontainingall baserelations.However,
canwe expect that satisfiability testingis easy(i.e., polynomial)onceall constraints
have beenrefinedto baserelationsashintedat above?

Oneof thecrucialaspectsof thereductionin theproof of Theorem2 is thatwe do
nothave to specifybaserelationsbetweenall triplesof points.If baserelationshave to
specifiedbetweenall points,thereductionwouldnotwork becausetherearenotenough



“degreesof freedom”for the placementof the pointson the line. So onemight hope
that the specificationof baserelationsfor all variablesin a DoubleCrossCSPmight
leadto aneasytestfor satisfiability. Unfortunately, however, this is not thecase.

Theorem 3. Satisfiabilityof constraint systemsover ab is NP-hard.

Proof Sketch.The claim is proven by a reductionfrom 3-SAT. Given an instanceof
3SAT with clauses

�
. � H�HBH �

�i¢
overvariables£ . � HBH�H � £�¤ , acorrespondingCSPof ab 

will be definedin a way suchthat the CSPhasa solutionif f a truth valueassignment
for thegiveninstanceof 3SAT exists.Theproof itself is ratherlong andinvolved[25]
sothatwe canonly give asketchhere.

Thekey featurethatallowsusto constructaCSPusingonly baserelationsin there-
ductionis thefactthatsomeof thebaserelationsareveryweak(e.g.,

���
) whileothersare

veryrestrictive(e.g.
���

). Theformercanbeusedin analmostcompletelynon-restrictive
way if thepointsarefar enoughaway from eachother. Thelatterrelationscanbeused
to “transport”particulargeometricinformationevenover very longdistances.

In the reduction,we designonecomponentfor choosingtruth valuesfor thevari-
ables,onecomponentfor expressingthateachclauseis madeup by threeparticularlit-
erals,andfinally a truth-valuetestingcomponent.Eachcomponentconsistsof a setof
variableswith appropriateconstraintsbetweenthem.Insteadof describingthesyntactic
constraintsbetweentheelements,we will describethegeometricrelationswe enforce
in eachsolutionto theCSPwith theunderstandingthatall this canbeexpressedusing
thebaserelationsof ab .

Thecomponentsare“placed” in a way suchthatall pointsof thetruth choicecom-
ponentarelocatedleft behindall pointsof theliteralscomponentwhich arein turn left
behindall pointsof the clausetestcomponent.This is achieved by definingthe con-
straintsaspermutationsof the

���
relation.The truth valuesare“transfered”from one

componentto thenext usingparallellines.We thereforeusein theproof the fact that
with ab relationswe canenforcethat somelines form a right angle,that someline
segmentshave thesamelengthor arethreetimesaslongasanother, etc.(seeFigure8).

All pointsinsideeachcomponentarerelatedto eachotherusingbaserelationsto
describethegeneralstructureof theCSPsolutionwhich is independentfrom any truth
value.Althoughthedesignof theCSPcantotally bedonesyntactically, it is instructive
to keepin mind the basicidea:All constraintsarechosenso that in a solutionof the
CSP, distancesbetweencertainpairsof pointsautomaticallycodefor truth values.If
sucha distanceexceedsa predefinedunit length,thenthe valueis thoughtto be true,
otherwisefalse.

Althoughthelengthof adistancebetweentwo pointscannotberepresentedby ab 
relations,suchinformation can implicitly be containedin constraints.Suchimplicit
informationis usedin our proof. In fact, thesameimplicit inconsistencieswhich may
or maynot inhibit a3SAT solution,woulddisallow a ab solution.

In orderto give an ideaof the reduction,we will describesomeof the geometric
featuresany solutionof aconstraintsystemconstructedin thereductionmusthave.First
of all, wesetupaframework, in whichall componentscanbeplaced.In asolutionof the
CSP, theunit lengthis definedby thedistancebetweentheinstantiationsof twobaseline
elements,  �¥ . and  �¥ < . Thevariablecomponentcontainsfour elements §¦ . �  L¦ < �  §¦
¨ ��¡ ¦
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for eachvariable £�¦ of the3SAT problem.Theconstraintsamongthemarealwaysthe
same,andcanbeunderstoodby lookingat theintendedCSPsolution(seeFigure9.a).

For example,by the constraint
� � �@  ¦ . ��¡ ¦

#   ¦
¨ � , a right angleis required.By per-
mutationsof the

�	�
baserelation,it canfurtherbe ensuredthat in every CSPsolution  ¦ < ��¡ ¦ �   ¥ . and   ¥ < form a rectangle,andthusthe distancebetweeninstantiationsof L¦ . and  §¦ < hasto equaltheunit length.Note that in every CSPsolutionit holdsthat

whenever thedistancebetween L¦ . and  L¦ < is largerthantheunit length,thenthedis-
tancebetween L¦ < and  §¦^¨ is smallerandvice versa.Thusin any instantiation,thefirst
distancecanbeunderstoodasa representationof £�¦ ’s truth valueandthelatterdistance
representstheoppositetruth value Ð7£�¦ .

Now for eachclause
�TÑ

andevery literal Ò
Ó thatoccursin it, anew pairof elements,Ò Ñ Ó . and Ò Ñ Ó < is introduced.By right angleconstraintsandadditionalsupportingele-
ments,it canbe ensuredthat in any solutionof the CSP, certaincorrespondinglines
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Fig.9. Sketch:ExampleCSPsolutionof the two major components:a. variablecomponent,b.
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areparallel.Thenthe correspondingdistances(themselvesrepresentingthe truth val-
uesof theparticipatingliteral) arecopiedfrom thetruth valuecomponentto the literal
component.

Finally, someothercomponentswith well-definedconstraintsensurethat in each
CSPsolution the distancesof all literals of the sameclauseare added.If in a CSP
solution,all distancesare small, then its sum will be less then threetimes the unit
distance.Theconstructionof Figure9.bensuresthatthefive points Ô Ñ . � H�HBH � Ô

ÑBÕ
which

aregeneratedfor theclause
� Ñ

form a rectanglethat is higherthanwide, andthuscan
comparetwo values.Sincethe constraintsensurethat thedistancesrepresentingtruth
valuesarecopied,it is possibleto find an instantiationwhereall sumsof distancesin
a clauseexceed3 timesthe unit distance,if andonly if all clausescanbe madetrue
simultaneously.

Somefurthercomponentshave to beaddedfor technicalreasons.To ensureparal-
lelism,therehave to betwo moreelementspertransferatwhicharight angleconstraint
is defined.Moreover, a basicline hasto be definedthat helpsorderingthe elements
accordingto its significance.However, constraintstheconstraintsbetweentheseaddi-
tionalelementscanbechosensothattheredo notarisefurthercomplications.4 �

This result implies that we can rule out the possibility of a polynomial-time
refutation-completealgorithmon baserelations.This implies that a backtrackingap-
proachover baserelations,wheresomeadditional,polynomial-timecomputationis
donein order to dealwith refinementsof baserelationscan be ruled out. In fact, it
is notyet clearwhetherthesatisfiabilityproblemfor ab O2 (or ab ) is in NP.

4 Theexactdetailsof thereductionaredescribedin Scivos’ [25] Masterthesis.



5 Decidability of the Double-CrossCalculus

In theprevioussectionweshowedthatconstraintpropagationapproacheswill notwork
for theDoubleCrosscalculus.More precisely, we demonstratedthateven if only base
relationsareused,satisfiabilitycannotbe decidedin polynomial time. While this ex-
cludesbacktrackingalgorithmsover refinementsof constraintsystemsthatcontainonly
baserelations,it doesof coursenot imply that the problemcannotbe solved. Con-
trarily, the satisfiabilityproblemcanbe easilysolved by transformingthe constraints
to inequalitiesover polynomialswith integer coefficients. For example,we can ex-
pressthe constraint

�	� � ��� �Ö# � � as follows. Given that the coordinatesof the points
are � � . ��� < � � � � . � � < � � ��� . � � < � , respectively, the right anglecanbe expressedby stating

thatthescalarproductof
c
cLct�� ��� �	� and

c"c×�� � � � � is zero:

� � . c � .
� �@� . c

�
.
��Ø � � < c � < � �@� < c � < � � ?

Theorientationis determinedby theinequality

� � . c � . � ��� < c � < � cÙ� � < c � < � �@� . c � . � �N?
Taking both constraintstogetherensuresthat the pointscanonly be instantiatedin a
way suchthat the

�	�
relation is satisfied.Using this insight anda resultby Renegar

[22], it follows immediatelythat decidingsatisfiabilityof ab O2 constraintsystemsis
decidable.

Theorem 4. Satisfiabilityof a ab O2 constraint systemis in PSPACE.

Proof Sketch. All the ab -relations can be expressedas sets of inequalitiesÚ . ��  . � HBH�H �  L¤
�ÜÛ ? � H�HBH �@Ú ¢ ��  . � H�H�H �  L¤

�ÜÛ ? , with the Ú ¦ ’s beingpolynomialswith
integercoefficients[25]. This impliesby resultsof Renegar [22] that theproblemis in
PSPACE. �

This resultgivesus an algorithmictechniqueto determinethe satisfiabilityof  32
constraintsystems[22] andit providesus with an upperboundon the complexity of
reasoningin theDoubleCrosscalculus.However, we do not have a tight upperbound
yet.We only know thatit is NP-hardandin PSPACE.

6 Conclusionsand Discussion

We analyzedthe DoubleCrosscalculusproposedby Freksa[5] from an algorithmic
point of view. First, we addressedthequestionof whetherit is possibleto usea con-
straintpropagationapproachto solve the reasoningproblems.While inferencesbased
on compositionandpermutation[5, 6,28] are,of course,correct,they mostprobably
cannotbeusedto implementa completeinferencemechanism.

Consideringobviousgeneralizationsfrom binaryto ternaryrelations,theconstraint
techniquesof enforcinglocal consistency, whichareusuallyemployed,donot applyin
our case.Thefirst problemis that the relationsystemof theDoubleCrosscalculusis



not closedunderpermutationsandcompositions.In fact, we have shown that thereis
no finite refinementof the relationsystemwith this closureproperty. Furthermore,we
showedthatfor all fragmentsof theDoubleCrosscalculuscontainingall baserelations
andtheuniversalrelationswe getNP-hardsatisfiabilityproblems—incontrastto other
knowntemporalandspatialqualitativecalculiwith binaryrelations.Finally, weshowed
thateasyadaptionsof thebacktrackingapproach—testingall refinementsof aconstraint
satisfactionproblemto baserelations—donot work becausethesatisfiabilityproblem
is NP-hardeven if only baserelationsarepermitted.Themain problemappearto be
thenon-convex regionsdefinableby relationssuchas � ��
 .

However, thereareother meansto solve the satisfiabilityproblemin the Double
Crosscalculus.All relationsin the Double Crosscalculuscan be formulatedas in-
equalitiesinvolving polynomialswith integercoefficientsonly. Whethersucha setof
inequalitieshasa solution,then,is a problemthatcanbedecidedin PSPACE, which
givesusanalgorithmandanupperboundontheproblemcomplexity. Futurework will
be concernedwith trying to narrow lower andupperboundsandworking on empiri-
cally efficient solutionswhich might involve a combinationof constraintpropagation
andreasoningaboutinequalitieswith polynomials.

ComparingtheDoubleCrosscalculuswith otherapproachesto spatialrepresenta-
tion andreasoningonenotesthat theDoubleCrosscalculusaddressesissuesthathave
alsobeendealtwith in Kuipers’[11] TOUR model.However, in contrastto theTOUR
model, the Double Crosscalculusexclusively formalizeswhat hasbeencalled two-
dimensionalorientationin theTOURmodelanddoessowith purelyqualitativemeans.
Anotherrelatedcalculusis Faltings’ [3] qualitativetopologicalcalculuswhich canalso
be usedto reasonaboutqualitative navigation.However, this calculusis designedfor
reasoningabout� Ø A -ary topologicalrelationsbetween� -dimensionalobjectsanddoes
not takeorientationinto accountat all. So,both approachesarefundamentallydiffer-
ent from the DoubleCrosscalculus,andcannotbe usedto replacethe DoubleCross
calculus.However, it mightbequiteinterestingto combineFaltings’ topologicalcalcu-
lus with Freksa’s calculusin orderto createa richerqualitative spatialcalculusthat is
usefulfor navigation.
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