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Abstract. TheDoubleCrosscalculushasbeenproposedor thepurposeof nav-
igation basedon qualitative information aboutspatial configurationsUp until
now, however, noresultsaboutalgorithmicpropertiesof this calculusareknown.
First, we explorethe possibility of applyingconstrainpropagatiortechniquego
solvethereasoningroblemin thiscalculus For this purposeye have to general-
ize theknown techniquedor binaryrelationsbecaus¢he DoubleCrosscalculus
is basedon ternaryrelations.We will show, however, thatsucha generalization
leadsto problems.The Double Crosscalculusis not closedundercomposition
andpermutationFurther aswe will show, thereexistsnofinite refinemenbf the
baserelationswith sucha closureproperty Finally, we shaw that determining
satisfiabilityof constraintsystemsover DoubleCrossrelationsis NP-hard,even
if only the baserelationsof the Double Crosscalculusareused.On the positive
side,however, we shawv thatthereasoningproblemis solvablein PSRACE.
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1 Intr oduction

Representingemporalandspatialinformationandreasoningaboutthis informationis
animportantsubproblenin mary applicationssuchasgeographicainformationsys-
tems(GIS), naturallanguageunderstandinggnddocumentnterpretationOftenthisin-
formationis only availablequalitatively, for instancevhena naturallanguagesentence
or a GIS queryhasto beinterpretedln this case qualitative approacheso reasoning
aboutspaceandtime have to be used.

Meanwhilethereexist a numberof qualitative temporalandspatialcalculi, suchas
Allen’s [1] interval calculusfor reasoningabouttime, a calculusfor reasoningabout
gualitative directions[4], anda calculusfor reasoningabouttopologicalrelations[2,
21]. For all of thesecalculi, their computationatompleity hasbeenanalyzedcom-
putationallytractablefragmentshave beenidentified, and algorithmshave beenspec-
ified [27,13,20,19,15,9,24,23], which arevariationsof Ladkin andReinefelds [13]
schemeof usingbacktrackingemployingthe path-consistencglgorithm[17] asa for-
wardcheckingtechnique.



Anotherqualitativespatialcalculusis Freksas[5, 6, 28] calculusfor reasoning@bout
orientation.In contrastto the calculi mentionedabore, almostno formal propertiesof
this calculusareknown. In particular no resultsaboutdecidabilityandcompleity are
known, atopic we will addressn this paper

Freksas calculuswhichis oftencalledDoubleCrosscalculus allows oneto specify
the qualitative positionof onepoint with respecto anorientedline segment.With this
calculus pathdescriptioncanbe combinedandevaluated:

1. Froma goto b andmakearight turn aimingforwardto a pointc.
2. Fromb gototo ¢ andmakea (perpendicularfight turngoingto d.

Fromthesetwo descriptionsit is possibleto infer thata andd cannotbeidentical(see
Figurel).

Fig. 1. Examplefor usingqualitative pathinformation

As is evident from the exampleabove, the Double Crosscalculususesternary re-
lations betweenpoints, which distinguishest from the qualitative calculi mentioned
abore wherebinary relationsbetweerthe objectsof interestare used.For this reason,
the standardechniquegsuchasusingthe path-consistencalgorithm[17]) do notap-
pearto be applicableto the Double Crosscalculus.However, thereis, of course the
hopethat suitablegeneralizationswill provide us with methodsfor decidingseman-
tic propertieswith simple syntacticoperations- perhapson a fragmentof the whole
calculus.

Theremainderf the paperis structuredasfollows. In the next sectionwe present
thecalculusIn thefollowing Section3, we useageneralizatiomf techniquesleveloped
for binary constraintsystemdo ternarysystemg10] andshow thatthe Double Cross
calculusis notacalculuswith afinite setof atomicrelations.In Sectior4, we show that
the Double Crosscalculusis computationallyinherentlydifficult. Eventhe problemof
decidingsatisfiabilityfor a constraintsystemcontainingonly baserelationsis already
NP-hard.Finally, in Section5 we shav thatreasoningn the calculusis decidable—in
fact,reasonings in PSPACE.

2 The Double-CrossCalculus

Freksd5] tried to identify anabstracvocahulary to expressthequalitativeinformation
an obsenrer hasin a spatial (2-dimensional)situation.He amguesthat relative spatial
orientationanda front/backdichotomyarenaturalqualitatve dimensionsTheseideas
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Fig. 2. The 15 baserelationsof the Double Crosscalculus

led him to developwhatis now calledthe Double Crosscalculus,in which threepoints
arerelatedby oneof 15 baserelations(seeFigure?2).

Startingfrom obsenrer positiona andlooking to locationb, onecandescribequali-
tatively thepositionof alocationc.t In Figure2, thislocationis to theleft of theoriented
line givenby («, b)) andon aline thatis perpendiculato (a, b) goingthroughb. Sucha
configurationis describedusingtherelationtp (left-perpendicular)Similarly, we use

— IJ (left-forward) to describeconfigurationswherepoint ¢ is left of (a, b) and“in
front of” theperpendiculafine goingthrougha,

— Le (left-center)to describeconfigurationswvherec is left of (a, b) andbetweenthe
two perpendiculatinesgoingthrougha andb,

— Ul (left-line) to describeconfigurationswvherec is left of (a, b) andon the perpen-
dicularline goingthrougha, and

— b (left-back)to describeconfigurationsvherec is left of (a, ) and“in the back”
of the perpendiculaline goingthrougha.

Configurationsvherepoint ¢ is on the orientedline givenby (a, b) aredescribedus-
ing the relationssy (straight-front),sp (straight-second-pointse (straight-center)st
(straight-same-locationgndsb (straight-back)Furthermorethe relationsfor config-
urationswherec is right of (a,b) arenamedin a similar mannerasthe relationsde-
scribingthe situationswhenc is on the left side.Finally, sincewe wantto describeall
configurationswith threepointsinvolved,we will alsoconsiderthe pathologicakitua-
tion whena = b, which givesustwo additionalrelations:eq whena = b = ¢ andex
whena = b # c. Theresultingsetof 17 ternaryrelationswill be denotedby D in the
sequel.

In generalwe will usethe notationr(a,b : ¢) in orderto expressthatthe points
a, b, andc arein relationr. Further we will alsoconsiderunionsof relationsin order
to expressincompleteinformation.Suchunionswill be expressedy writing the setof
relationsthatareusedin the union.For example,{lf,sf, 7} (a, b, ¢) expresseshatcisin
front of the perpendiculaline goingthroughb. Thesymbol T denoteghe specialuni-
versalrelationthatis the unionof all relations(andthereforedoesnot restrictarything
atall). Thesymbol L denotegsheempty impossiblerelation. Thesetof all 2'7 possible
relationsincluding T and_L is denotecby DC.

! We assumehatall pointsareelementf IR2.



A set@ of atomicformulaeusingrelationsfrom DC over a setof (implicitly) exis-
tentially quantifiedvariablesis calleda constaint systemFor instance,

O = {rf(a,b: ¢),Tp(b,c: d)},

is sucha constraintsystemover the variablesa, b, ¢, andd. A solutionof a constraint
systemis aninstantiationof all variablesto objectsof interest,.e. in our casepointsin
IR?, suchthatall atomicformulae(constraintspresatisfied For instancea solutionof
© wouldbe{a = (0,0),b=(0,1),c=(1,2),d = (2,1)}.

The computationaproblemwe are mainly interestedn is to decidesatisfiability
of a constraintsystem®.? For example,giventhe two descriptionsn the Introduction
{rf(a,b: c), rp(b,c : d)}, we wantto know whetherthis setis satisfiablef we identify
a with d, i.e.,if we addeq(a, d, e). This meanswe wantto decidethe satisfiability of
the constrainsystem

©' = {rf(a,b:c),rp(b,c:d),eq(a,d,e)}.

3 Generalizing Binary Constraint Systems

Sincethe Double Crosscalculusis similar to other qualitative calculi, it seemsrea-
sonableto try to adapttechniquesusedin this contet to the Double Crosscalculus.
Althoughtheotherqualitative calculi addresgjuite differentaspectof time andspace,
their formal framework is very similar. A finite setof jointly exhaustiveand pairwise
disjoint (JEPD), binary relationsis usedto describethe relationshipsetweernthe ob-
jectsof interest.Unionsof suchrelationscanbe usedto asserincompleteinformation.
Suchdescriptioncanbe interpretedashinary constaint problems wherewe have infi-
nite domainsfor thevariablesInterestingly for all of the above mentionedcalculi, the
JEPDrelationsareatomsof arelationalgebra12].

The algorithmictechnigueusedto dealwith suchconstraintsystemss the path-
consistencylgorithm[17]. This algorithmcanbe usedto transforma given constraint
networkinto amorerestrictedonethatis equivalentto theoriginal onein the sensehat
it hasthe samesolutions.The mainideais to apply the operationsof compaositioncon-
version andintersectiorto aconstrainsystenuntil afix-point is reachedFurthermore,
the path-consistencalgorithmis usuallyrefutation-completéor fragmentsof the cal-
culi mentionedabove. In particular for all the calculi mentionedin the Introduction,
thepath-consistencalgorithmis refutationcompletefor the setof relationscontaining
only the baserelationsandthe universalrelationT [26,15,18].

As mentionedalready the above techniquesare notimmediatelyapplicableto the
Double Crosscalculus,becausét usesternaryrelations.However, one may hopethat
a suitablegeneralizatioris. Onepossibleway to go is to generalizecompositionand
conversionoperationg10]. The next questionwill thenbeif we getinterestingproper
ties(suchask-consisteng and/orrefutation-completenesg)henwe closea constraint
systemundertheseoperationsandintersection.

2 Thereasorfor our interestin satisfiabilityis thatall otherinterestingreasoningproblemsin
the context of CSPscanbereducedn polynomialtime to satisfiability[8].



3.1 Permutations

Consideringfirst the corverseof relations(exchangingthe agumentsof a binary re-
lation), it is obvious that we now have more than one way to exchangeamguments.
Becauseve have threeagumentswe have 3! = 6 possiblewvaysof arranginghe argu-
ments Following ZimmermanrandFreksg 28], we usethefollowing terminologyand
symbolsto referto thesepermutationf theagumentga, b : ¢):

term symbolaguments
identical ID a,b:c
inversion INV b,a:c
shortcut Sc a,c:b
inverseshortcut Sci c,a:h
homing Hwm b,c:a
inversehoming |HMm!I e,b:a

Theinversionof arelationis exemplifiedin Figure3, demonstratinghatINv (rc¢) =

Fig. 3. INv of therc relation

Taking a closerlook at the permutationsit turnsoutthatthe DC relationsarenot
closedunderpermutationsn the following senseFor somerelationr € DC andsome
permutationr, thereis norelationr’ € DC suchthatz(r) = r'.

The original calculusas proposedby Freksa[5] usingonly 15 relations(without
ex and eq) is not closedunderpermutationssinceHm(sp) = ex. However, even with
theserelations the setof relationsis not closed.Takefor exampletherelationty. If we
considerthe shortcut of this relation Sc(lf), thenthe threepoints mustbe in the re
relation(seeFigure4). In otherwords,we have Sc(lf) C re. However, therearesome
elementsn re whicharenotin Sc(lf). For example,we have re((0, 0, (0, 2) : (2, 1)),
but we do nothave I({0, 0), (2, 1) : {0, 2)).

Proposition1. TheDC relationsare not closedunderpermutations.

It is possibleto refinethe baserelations[14], andwith this refinementthe setof
DC relationsbecomesclosedunderpermutationsThe main ideais to introducenew
relationsthat makefiner distinctionsfor the rc andlc relations(seeFigure 5). The
relationete holdsif pointc is betweerthetwo perpendiculalinesandoutsidethecircle
goingthrougha andb, otc holdsif ¢ is on the circle, andile holdsif ¢ is insidethe
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Fig. 5. RefinedD relations:RD

circle. Similarly, we makethe correspondinglistinctionson the right side. With this
refinementthe setof relationsis closedunderpermutationsWe call the refinedsetof
baserelationsRD andthe setof relationsresultingfrom all possibleunionsof base
relationsRDC.

Proposition2. TheRDC relationsare closedunderpermutations.

3.2 Compositions

With ternaryrelations,one canthink of differentwaysof composinghem.However,
thereareonly afew waysto composaéhemin away suchthatwe canuseit for enforcing
local consistency16]. In trying to generalizethe path-consistencalgorithm[17], we
wantto enforce“4-consisteng” A constraintsystemis called k-consisteniff for all
subsetof k variablesary instantiationof & — 1 variablesthat satisfiesall involved
constraintcanbe extendedo aninstantiatiorof the £ variablessatisfyingall involved
constraints.

For this reason]et us considerthe compositionof relationsr; andr,, in symbols
1 o 79, definedasfollows:?

Va,b,d: (r1ora)(a,b:d) & Je:ri(a,b:c)Ara(a,c: d).

% Note thatthis kind of compositionoperationis identicalto the onedefinedby Isli and Cohn
[10] for ternaryrelationsystems.



Thisis notthe only possibleway to composdwo ternaryrelations.However, all other
“reasonabletvaysto composdwo ternaryrelationscanbe expressedy a permutation
of composingwo permutation®f relations.

Letusnow assumehatwe have givena constrainsystem@. Further let ©* denote
this constraintsystemclosedunderintersectionpermutation and compositionasde-
finedabove. Thismeanghatfurtherapplicationof intersectionpermutationpr compo-
sitiondo notleadto deriving anew constrainiseetheconstrainfpropagatioralgorithm
by Isli andCohn[10]). Then,we know that ©* is 4-consistentThis follows from the
factthattherelationbetweerary threepointsa, b, d hasbeenintersectedvith any com-
positionover a fourth point ¢, which implies thatwe can extenda given instantiation
of a, b, d satisfyingall constraintdo aninstantiationof a, b, d ande¢ without violating a
constraint.

However, how dowe compute®*? Provided the compositionof two relationsfrom
RDC is arelationin RDC, this is an easy(spell polynomial) problem.Unfortunately
though,RDC is not closedundercompositioni.e., thereexist two relationsry, ro €
R'DC suchthat(ri o r2) & RDC.

3.3 Closing RDC under Composition

If we considertherelation(olc ¢ olc), it turnsoutthatthereis norelationin therefined
calculusRDC thatis identicalto thisrelation.Fromthe sketchin Figure6, it is obvious
thatby varying the positionof point ¢, pointd caneitherbeleft of (a, b) betweenthe

Fig. 6. Composingolc(a, b : ¢) andole(a, ¢ : d).

two perpendiculatines goingthrougha andb (ic), left of (a, b) andon theline going
througha (it), or left of (a,b) andin the back of the line going througha (ib). In
otherwords,we have (olc o ole) C {L, lb, Le}. However, {ii, lb, lc} is notidenticalto
(ole ¢ ole). Therearepointsd suchthatfor li(a, b : d) theredoesnot exist ary point
¢ with ole(a, b @ ¢) andole(a, ¢ : d). Any pointd ontheline througha thatis farther
away thanhalf the distancebetweeru andb hasthis property

In otherwords,in orderto completeour relationsystemR D, we mustintroduce
anotherrefinementhat distinguishedetweenpoints on the line throughe according
to whetherthey arecloseto a or far avay from a. In particulay the relation ((otc o
ole) N ) (a, b, ¢) denotes—fogivena andb—the pointsc ontheline througha onthe



left sideof (a, b) andat mosthalf of the distancebetweena andb awvay from a. We
usethe symbolticlose[0.5] to denotethis relation. Similarly, we introducethe relation
relose[0.5] for the pointson theright side of (a, b). Unfortunately however, this does
not help to completethe relation systemsincewe may be forcedto makeeven more
refinementsin fact, thereis no finite refinementof the relationssystemRDC thatis
closedundercompositionandintersection.

Theorem 1. TheRDC relationsare notclosedundercompositiorandintersectiorand
there existsno finite refinemenof theserelationswith that property

Proof. Usingtherelationstclose[0.5] andrclose[0.5], we will shav thatwe canmake
evenfinerdistinction.In particular we shav thatfor ary relationtclose[r/2], with 0 <
r < 1, we canconstructanew relationiclose[r/8] usingcompositionandintersection.

Assumethat there exists the relation tclose[r/2] for some0 < r < 1. Then
(tetose[r/2] o relose[0.5]) N se denotes—forfixed first and secondargument—all
pointson the line betweenthe first and secondamgumentthat are at mostr/4 avay

from the first agument. Figure 7 illustrates this fact. With Lctose[r](a,b,c) and

Fig. 7. Constructing close[r /8] from Lclose[r /2]

relose0.5](a, ¢, d) we getfor fixed a, b all pointsd on the line from « to b that are
atmostr/4 avay from a.

Using now ((lclose[r] o relose[0.5]) N se)(a, b, d) andlelose[0.5](a, d, e), we see
that—forfixeda, b—we getall left pointse ontheline goingthrougha thatarenomore
thatr/8 awvay from a. In symbolswe have:

letose[r/8] = (((tetose[r/2] o retose[0.5]) N se) o Letose[0.5]) M L.

Thismeanghatthereis aninfinite numberof refinementsf Lclose[r /2] andhencehere
cannotexist afinite setof baserelationsclosedundercompositionandintersection.



Thisis very badnews, indeed.From a technicalpoint of view it meanghatthere-
lation algebrais infinite. In particular it rulesout ary backtrackingapproachwhere
we considerall constraintsystemsresulting from refining all constraintsto atomic
relations—relationsthat cannotbe furtherrefined—andestingtheseatomicconstraint
systemg13].

Onepossiblevayto dealwith this problemmightbeto consideraweakemotion of
compositionWedefinetheweakcomposition; xr5 = r to bethemostspecificrelation
r € RDC with » D ry o ry.” It mustbenoted,however, thatthe closureof a constraint
systemunderthis weakcompositioropemtion, permutation@ndintersectiondoesnot
entail4-consisteng Neverthelesstheremight be the hopethata constraintsystemin
which all constraintsarebaserelationsandwhich is closedunderthe above operations
is asatisfiableconstrainsystemin this case LadkinandReinefelds[13] backtracking
approachcould be usedto determinesatisfiability As we shov below, however, this
hopeis unfounded.

4 Computational Complexity

In almostall qualitative calculi that have beeninvestigatedso far, there exists some
non-trivial fragmentcontainingall thebaserelationsandtheuniversalrelationsuchthat
satisfiabilitycanbe decidedin polynomialtime [20, 15,24]. Canwe expectsomething
similar for the Double Crosscalculus?

As it turnsout, this is not the case Evenif we consideronly CSPsover sf andthe
universalrelationsT, the satisfiabilityproblemis alreadyNP-hard. The reasonis that
with sy we canrelatethree points on a line sayingonly which point mustbe in the
middle. This enablesisto encodehe“betweenessproblem.

Theorem 2. Satisfiabilityof constaint systemsver{sf, T} is NP-hard.

Proof. The BETWEENNESS problem[7, p.279]canbe straightforwardlyreducedo the
problemat hand.This problemis definedasfollows. Givena finite set M, a collection
C of orderedriples(a, b, c) of distinctelementgrom A7, is therea one-to-ondunction
f: M = {1,2,,...,|M|} suchthatfor each(a, b,c) € C, we have either f(a) <
f(b) < f(e) or f(e) < f(b) < f(a)?

Givenaninstanceof BETWEENNESS, we constructconstrainsystem® asfollows.
For eachm € M, we addsf(z, y, m) to ©, wherez andy aretwo fixed elementsot
in M. This enforcesthat all m areon a line. Now we add sf(a, b, ¢) for eachtuple
(a,b,¢) € C. Now it is obviousthat© is satisfiableff thereis a function f with the
desiredproperties,.e., the constructionis a polynomialtransformationwhich proves
theclaim. O

So, we cannotexpecta tractablefragmentcontainingall baserelations.However,
canwe expectthat satisfiability testingis easy(i.e., polynomial) onceall constraints
have beenrefinedto baserelationsashintedat above?

Oneof the crucialaspect®of the reductionin the proof of Theoren?2 is thatwe do
not have to specifybaserelationsbetweerall triplesof points.If baserelationshave to
specifiechetweerall points,thereductiorwould notwork becausé¢herearenotenough



“degreesof freedom”for the placemenbf the pointson the line. So one might hope
that the specificationof baserelationsfor all variablesin a Double CrossCSP might
leadto aneasytestfor satisfiability Unfortunately however, thisis notthecase.

Theorem 3. Satisfiabilityof constaint system®verRD is NP-hard.

Proof Sketch. The claim is proven by a reductionfrom 3-sAT. Given an instanceof
3SAT with clause<, . . ., C,, overvariablesvy, . . ., v,, acorrespondingcSPof RD
will be definedin away suchthatthe CSPhasa solutioniff a truth valueassignment
for the giveninstanceof 3SAT exists. The proofitself is ratherlong andinvolved[25]
sothatwe canonly give asketchhere.

Thekey featurethatallows usto constructa CSPusingonly baserelationsin there-
ductionis thefactthatsomeof thebaserelationsarevery weak(e.qg.,rf) while othersare
veryrestrictive (e.g.rl). Theformercanbeusedin analmostcompletelynon-restrictve
way if the pointsarefar enoughaway from eachother The latterrelationscanbe used
to “transport”particulargeometridnformationeven over very long distances.

In the reduction,we designone componenfor choosingtruth valuesfor the vari-
ablespponecomponenfor expressinghateachclauseis madeup by threeparticularlit-
erals,andfinally atruth-valuetestingcomponentEachcomponentonsistsof a setof
variableswith appropriateeonstraintdetweerthem.Insteadof describinghesyntactic
constraintdetweerthe elementswe will describethe geometricrelationswe enforce
in eachsolutionto the CSPwith the understandinghatall this canbe expressedising
thebaserelationsof RD.

Thecomponentsire“placed”in away suchthatall pointsof thetruth choicecom-
ponentarelocatedeft behindall pointsof theliteralscomponentvhich arein turnleft
behindall pointsof the clausetestcomponentThis is achiezed by definingthe con-
straintsas permutationf the b relation. The truth valuesare “transfered”from one
componento the next using parallellines. We thereforeusein the proof the fact that
with RD relationswe can enforcethat somelines form a right angle,that someline
sgmentshave thesameengthor arethreetimesaslong asanotheretc. (seeFigure8).

All pointsinside eachcomponentarerelatedto eachotherusingbaserelationsto
describethe generalstructureof the CSPsolutionwhichis independentrom ary truth
value.Althoughthe designof the CSPcantotally be donesyntacticallyit is instructive
to keepin mind the basicidea: All constraintsare chosensothatin a solution of the
CSP distanceshetweencertainpairs of points automaticallycodefor truth values.If
sucha distanceexceedsa predefinedunit length, thenthe valueis thoughtto be true,
otherwisefalse.

Althoughthelengthof adistancebetweertwo pointscannotberepresentedy R D
relations,suchinformation canimplicitly be containedin constraints.Suchimplicit
informationis usedin our proof. In fact, the sameimplicit inconsistenciesvhich may
or maynotinhibit a 3SAT solution,would disallov aRD solution.

In orderto give anideaof the reduction,we will describesomeof the geometric
featuresary solutionof aconstrainsystenconstructedn thereductionmusthave. First
of all, we setupaframework, in whichall componentsanbeplacedIn asolutionof the
CSPRtheunitlengthis definedby thedistancebetweertheinstantiation®f two basdine
elementsz; andzgs. Thevariable componentontainsfour elementse;y, z;2, z;3, y;
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for eachvariablev; of the 3SAT problem.The constraintamongthemarealwaysthe
same andcanbeunderstoody looking attheintendedCSPsolution(seeFigure9.a).

For example,by the constraintip(z;1, y; : 2;3), aright angleis required.By per
mutationsof the rp baserelation,it canfurther be ensuredhatin every CSPsolution
x;9,Yi, 2oy andzgs form arectangle andthusthe distancebetweeninstantiationsof
z;1 andz;» hasto equalthe unit length.Note thatin every CSPsolutionit holdsthat
wheneer the distancebetweenz;; andz;» is largerthanthe unit length,thenthe dis-
tancebetweenz;» andz;3 is smallerandvice versa.Thusin ary instantiationthe first
distancecanbeunderstoodisa representationf v;’struth valueandthelatterdistance
representshe oppositetruth value—w;.

Now for eachclauseC'; andevery literal /;, thatoccursin it, anew pair of elements,
l;11 andljgs is introduced By right angleconstraintsand additionalsupportingele-
ments,it canbe ensuredthatin ary solution of the CSR certaincorrespondindines
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areparallel. Thenthe correspondinglistancegthemselesrepresentinghe truth val-
uesof the participatingliteral) arecopiedfrom thetruth valuecomponento theliteral
component

Finally, someothercomponentsvith well-definedconstraintsensurethatin each
CSPsolution the distancesof all literals of the sameclauseare added.If in a CSP
solution, all distancesare small, thenits sumwill be lessthenthreetimes the unit
distanceTheconstructiorof Figure9.bensureshatthefive pointsS;., . . ., S;5 which
aregeneratedor the clauseC; form arectanglethatis higherthanwide, andthuscan
comparewo values.Sincethe constraintensurethat the distancegepresentingruth
valuesare copied,it is possibleto find aninstantiationwhereall sumsof distancesn
a clauseexceed3 timesthe unit distancejf andonly if all clausescanbe madetrue
simultaneously

Somefurther componentave to be addedfor technicalreasonsTo ensureparal-
lelism, therehave to betwo moreelementgpertransferatwhich aright angleconstraint
is defined.Moreover, a basicline hasto be definedthat helpsorderingthe elements
accordingto its significance However, constraintghe constraintdbetweertheseaddi-
tionalelementsanbe chosersothattheredo notarisefurthercomplications? O

This result implies that we can rule out the possibility of a polynomial-time
refutation-completalgorithmon baserelations.This implies that a backtrackingap-
proachover baserelations,where someadditional, polynomial-time computationis
donein orderto dealwith refinementof baserelationscan be ruled out. In fact, it
is notyet clearwhetherthe satisfiabilityproblemfor RDC (or RD) isin NP.

4 The exactdetailsof thereductionaredescribedn Scivos’ [25] Masterthesis.



5 Decidability of the Double-CrossCalculus

In theprevioussectionwe shavedthatconstrainfpropagatiorapproachewill notwork
for the Double Crosscalculus More precisely we demonstratethatevenif only base
relationsare used,satisfiability cannotbe decidedin polynomialtime. While this ex-
cludesbacktrackingalgorithmsover refinement®f constrainsystemshatcontainonly
baserelations,it doesof coursenot imply that the problemcannotbe solved. Con-
trarily, the satisfiability problemcan be easily solved by transformingthe constraints
to inequalitiesover polynomialswith integer coeficients. For example, we can ex-
pressthe constraintrp(a, b : c) asfollows. Given that the coordinatesof the points
are (a1, as), (b1, b2), (c1, c2), respectiely, the right anglecanbe expressedy stating

thatthe scalarproductof m andm is zero:

(b1 —a1)(e1 — by) + (ba — asz)(ca — ba) =0
Theorientationis determinedy theinequality

(by —a1)(ca — as) — (ba — as)(c1 —ay) <0

Taking both constraintdogetherensureghat the points can only be instantiatedn a
way suchthatthe rp relationis satisfied.Using this insight and a resultby Rengar
[22], it follows immediatelythat decidingsatisfiabilityof RDC constraintsystemss
decidable.

Theorem 4. Satisfiabilityof a R DC constaint systenis in PSPACE.

Proof Sketch. All the RD-relations can be expressedas sets of inequalities
pi(ze, .., 2n) > 0,. ., pm(21,. .., 2,) > 0, with the p;’s being polynomialswith
integercoeficients[25]. Thisimpliesby resultsof Rengar[22] thatthe problemis in
PSPACE. O

This resultgivesus an algorithmictechniqueto determinethe satisfiability of DC
constraintsystemgq22] andit providesus with anupperboundon the compleity of
reasoningn the Double Crosscalculus.However, we do not have a tight upperbound
yet.We only know thatit is NP-hardandin PSPACE.

6 Conclusionsand Discussion

We analyzedthe Double Crosscalculusproposedoy Freksa[5] from an algorithmic
point of view. First, we addressedhe questionof whetherit is possibleto usea con-
straintpropagatiorapproacho solve the reasoningproblems While inferenceshased
on compositionand permutation[5, 6, 28] are, of coursecorrect,they mostprobably
cannotbe usedto implementa completeinferencemechanism.
Consideringobviousgeneralizationérom binaryto ternaryrelations the constraint
technigue®f enforcinglocal consistenyg, which areusuallyemployeddo notapplyin
our case.Thefirst problemis thatthe relationsystemof the Double Crosscalculusis



not closedunderpermutationsand compositionsln fact, we have shawvn thatthereis

no finite refinementf the relationsystemwith this closureproperty Furthermorewe

shavedthatfor all fragmentsf the DoubleCrosscalculuscontainingall baserelations
andtheuniversalrelationswe getNP-hardsatisfiability problems—incontrasto other
knowntemporalandspatialqualitative calculiwith binaryrelations Finally, we shoved

thateasyadaption®f thebacktrackingapproach—testingll refinementsf aconstraint
satisfactiomproblemto baserelations—daonot work becausehe satisfiabilityproblem
is NP-hardevenif only baserelationsare permitted.The main problemappearto be

thenon-cowex regionsdefinableby relationssuchaselc.

However, thereare other meansto solve the satisfiability problemin the Double
Crosscalculus.All relationsin the Double Crosscalculuscan be formulatedasin-
equalitiesinvolving polynomialswith integer coeficients only. Whethersucha setof
inequalitieshasa solution, then,is a problemthat canbe decidedin PSPACE, which
givesusanalgorithmandanupperboundon the problemcompleity. Futurework will
be concernedvith trying to narrav lower and upperboundsand working on empiri-
cally efficient solutionswhich might involve a combinationof constraintpropagation
andreasoningaboutinequalitieswith polynomials.

Comparingthe Double Crosscalculuswith otherapproacheto spatialrepresenta-
tion andreasoningnenotesthatthe DoubleCrosscalculusaddressessueghathave
alsobeendealtwith in Kuipers’'[11] TOUR model.However, in contrastto the TOUR
model,the Double Crosscalculusexclusively formalizeswhat hasbeencalled two-
dimensionabrientationin the TOUR modelanddoessowith purelyqualitative means.
Anotherrelatedcalculusis Faltings’ [3] qualitative topologicalcalculuswhich canalso
be usedto reasonaboutqualitative navigation. However, this calculusis designedor
reasoningboutd + 1-arytopologicalrelationsbetweeni-dimensionabbjectsanddoes
not take orientationinto accountat all. So, both approacheare fundamentallydiffer-
entfrom the Double Crosscalculus,and cannotbe usedto replacethe Double Cross
calculus However, it mightbequiteinterestingto combineFaltings’topologicalcalcu-
lus with Freksas calculusin orderto createa richer qualitative spatialcalculusthatis
usefulfor navigation.
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